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Abstract 

This paper develops a strategic model of trade between two regions in which, 
depending on the relation among output, financial resources and transportation costs, 
the adjustment of prices towards an equilibrium is studied. We derive conditions on 
the relations among output and financial resources which produce different types of 
Nash equilibria. The paths obtained in the process of converging toward a steady 
state for prices under discrete-time and continuous-time dynamics are derived and 
compared. It turns out that the results in the two cases differ substantially. Some of 
the effects of random disturbances on the price dynamics in continuous time are also 
studied. 



1 Introduction 



The present work develops a model of trade between two regions in which, depending 
on the relation among output, financial resources and transportation costs, the adjustment 
of prices towards a steady state is studied. We assume that there is one type of traded good 
and local producers can supply only a fixed amount of this traded good, which cannot be 
stored for future consumption. As usual, prices change to balance supply and demand. In 
the chosen setup, the evolution of prices according to an exogenous rule is studied, starting 
from pre-specified initial conditions. More specifically, whenever there are unsold quantities 
left, the price is decreased proportionally and when there are local financial resources un- 
spent, the price is increased proportionally. This allows us to abstract away from producer 
behaviour and focus exclusively on consumers' decisions. The representative consumers in 
the two regions seek to maximize their per-period utility in a strategic situation arising 
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from the need to compete for scarce resources. We utilize the concept of Nash equihb- 
rium to characterize optimal behaviour in the game theoretic interaction. This equilibrium 
concept has the advantage of delivering consistent predictions of the outcomes of a game, 
assuming that each player takes into account the other players' optimizing decisions (see 
Ch.l in [3j for a more detailed discussion of the concept). 

Under the above setup we derive conditions on the relations among quantities produced 
and financial resources, for which different types of Nash equilibria arise. We also compute 
the paths obtained in the process of prices converging toward a steady state. In certain 
cases the laws governing price dynamics in discrete time lead to a zero price in one of the 
regions, which can be interpreted as a breakdown of economic activity in the region. Such 
pathologies do not arise in the case of continuous-time price dynamics, where the contin- 
uous nature of the adjustment process provides a natural balancing mechanism against 
degenerate stationary points for prices. The stability properties of the stationary points in 
the continuous-time case are proved analytically and illustrated through the behaviour of 
the phase trajectories of the system in the presence of stochastic disturbances. 

The paper is organized as follows. Section [2] introduces the model and key notational 
conventions. Section [3] shows the existence and form of Nash equilibria for the model under 
discussion. Section [4] calculates and compares the dynamics governing prices in discrete 
time, while section [5] presents the counterpart analysis in the continuous-time case. The 
proofs of the results from section [4] are provided in the appendix. Section [6] contains the 
results of some simulations for the continuous-time case with stochastic shocks. Partial 
announcements of the results reported in this paper appeared in |5 and [7]. 

2 The model 

We consider the consumption decisions of two economic agents occupying distinct spa- 
tial locations, called region / and //, respectively. The consumer in region / (or, shortly, 
consumer /) exogenously receives money income Yi > in each period. Similarly, the 
consumer in region // (consumer //) receives money income Y2 > 0. For each period t, in 
region i, i = 1,2, a fixed quantity > of a certain good is supplied at a price Pi^f The 
consumers place orders for the desired quantities in each region, observing their budget 
constraints and incurring symmetric transportation costs p > per unit of shipment from 
the "foreign" region. Each consumer attempts to maximize their total consumption for 
the current period. Consumers can be considered myopic in that they do not optimize 
their consumption over a specified time horizon but their decisions are confined only to the 
current period. 

In cases when total orders for the respective region exceed the quantity available, the 
following distribution rule is applied: first, the order of the local consumer is executed to 
the extent possible and then the remaining quantity, if any, is allocated to the consumer 
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from the other region. We sometimes refer to this distribution scheme and its consequences 
as local dominance. It is clear then that the choice of orders to be placed has a strategic 
element to it, since the actual quantity received by the consumer depends on the choices 
made by the counterpart in the other region. The agents are assumed to have complete 
knowledge of all the relevant aspects of the situation under discussion. 

More formally, for each period t we model the above situation as a static noncooperative 
game of complete information. Denote by a and f3 the orders placed by consumer / in 
region / and //, respectively. In an analogous manner, 7 and 6 stand for the orders of 
consumer // in regions / and //, all orders obviously being nonnegative quantities. In 
period t consumer /'s strategy space Si is determined by the budget constraint and the 
nonnegativity restrictions on the orders: 

(2.1) Si = {ia,P)eR^\api,t + P{p2,t + p)<Yi, a,P>0}. 
Consumer IPs strategy space in period t is 

(2.2) ^2 = {(7, 3) e IR'l7(Pi,t + P)+ 5p2,t < I2, 7, 5 > 0}. 

Below we adopt the shorthand p'^ := Pi,t+P and P2 ^ := P2,t+P- We also omit the subscript 
t whenever it is evident from the context or irrelevant. 

The payoff function for consumer / is given by 

^2 3^ Pi(q;,/3,7,5) =min(Q;, qi)+min{p, q2-mm{5, ^2)) = 

= min(Q;, gi) + min(/3, max(0, q2 — S)) 

and that for consumer // by 

^2 4^ -^2(0;, P, 7, = min(7, qi - mm(a, qi)) + mm{5, ^2) = 

= min(5, g'2) + niin(7, max(0, qi — a)). 

Any unspent fraction of the current-period income is assumed to perish and conse- 
quently the accumulation of stocks of savings is not allowed in the model. Similarly, the 
goods available each period cannot be stored for future consumption. Let denote 
the total amount consumed in region i and Y[^^ stand for the part of the region i's in- 
come not spent in the other region. In other words, := ckq + 70, ?2°"* ■— Po + ^o, 
Ylf := Yi - p'2,t/3o and Y^f := Y^ - p\^a^. 

There are two mutually exclusive situations leading to an adjustment in prices. First, 
if the quantity available in the respective region has not been entirely consumed, prices are 
adjusted downwards. In discrete time this is captured by the equation 

^ ^cons 

(9 ^\ - Pi,t+1 _ (li %t cons 

1^-<3J — or Pi,t+lQi — Pi,t%t ■ 

Pi,t Qi 
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Clearly, if = 0, then Pi^t+i = 0. Second, if Yf^^ is not entirely exhausted in absorbing 
local supply, which can be expressed in value terms as PiQi, then the price t is adjusted 
upwards to Pi^t+i to ensure residual income exhaustion: 



(2.6) PMilnPM ^ ^ 

Pi,t Pi,tqi 

Obviously the fraction of Yi spent on the "foreign" market cannot be attracted back for 
domestic consumption if local prices are increasing. Later we formally prove the claim that 
the two situations leading to price adjustment cannot occur simultaneously. As usual, we 
consider prices in a steady stat^ if the rules given by equations (12.51) and (12.61) do not lead 
to a change in prices. 

For the above model we are interested in two main questions. First, it would be desirable 
to establish the existence of a Nash equilibrium for the one-period game and specify it in 
closed form. Second, one would like to be able to trace out the price dynamics entailed by 
a sequence of one-period games for a given set of initial conditions pi o, P2,o, li, (I2, ^i, ^2 
and p, and characterize their properties. 



3 Existence and form of equilibrium 

In this section we study the existence and properties of the most popular equilibrium 
concept - that of Nash equilibrium - for the model specified above, for a fixed time period 
t. Our basic tool for establishing existence is a theorem [21 p. 72] asserting that at least 
one Nash equilibrium exists for a game of complete information for which: 

(a) the strategy spaces of all players are compact and convex subsets of R'"; 

(b) all payoff functions are defined, continuous and bounded over the strategy space of 
the game, and 

(c) any payoff function is quasiconcave in the player's own feasible strategies for a fixed 
strategy profile of the opponents. 

We remind the reader that a function / : X ^ M is called quasiconcave if for any x,y E X 
we have /(Ax + (1 - X)y) > min{/(x), f{y)} for all A G (0, 1). 

Properties (a) and (b) are immediately verified for our model when the prices pi are 
positive. (If a price is zero, economically plausible restrictions are imposed on the model in 
order to ensure that the above properties hold in this case as well; see SR3.) To establish 
property (c) note that the payoff function for each consumer is separable in the consumer's 

^Equivalently, we say that the price adjustment process has reached a stationary point. 
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orders and each component of the sum in the payoff is a concave function in the respective 
order. These observations entail the concavity and hence the quasiconcavity of the payoffs. 

Since all the hypotheses of the existence theorem are satisfied for our model, it has 
at least one Nash equilibrium. We proceed to compute the Nash equilibria for all possi- 
ble configurations of Yi, Y2, qi, q2, Pi, P2 and p. To this end, we derive the best-reply 
correspondences (see p| pp. 69-75] ) for the two consumers. We remind that these corre- 
spondences are defined as follows. Let us denote 

for fixed values of (7, 5) G 5*2 and 

for fixed values of {a,P) G Si. Let (0(7, 5), /^(7, 5)) be defined as 

argmaxMi(a, /3) 

(",/3)eSi 

and, similarly, let (7(0, (5(q;, /?)) be defined as 

argmaxM2(7, S). 

(7,'5)e5'2 

The (multivalued) correspondence (a,/5, 7,5) t— > (q;,/5,7, 5) is called best-reply correspon- 
dence for the problem, with ri(7,5) := {a, (3) and r2{a,P) := (7,^) being the best-reply 
functions for consumers / and //, respectively. 

The derivation of the best-reply correspondences is straightforward and we omit the 
details, presenting only the end-results. Table 13.11 presents the best-reply correspondence 
for consumer I and Table 13.21 shows the best-reply correspondence for consumer II. For 
simplicity in the tables we use a instead of a etc. for the equilibrium values. We note in 
advance that in the course of the price adjustment process one of the prices can become 
zero, in which case the best reply correspondences take a different form (see Tables 13^31 and 
EJ below). 

Several comments are in order with respect to the Tables 13.11 and 13. 2[ Because of the 
presence of the parameters {qi,Yi,Pi, p), as well as the different feasible values of the fixed 
variables, the procedure for maximizing Wj, 2 = 1,2, can be decomposed into different cases 
in a natural manner. For example, to find maxwi we get rid of max(0, q2—S) by successively 
analyzing the two cases ^2 < ^ and q2 > S. The second case in turn decomposes into two 
subcases depending on whether the quantity g2 — ^ is smaller or greater than the maximal 
feasible value Yi/p'2 of /3. For a, which we compare with gi, the geometry of the feasible 
set depends on, first, the size of the difference qi — ao, where ao is determined from the 
condition Yi = piao + P2{q2 — S), assuming q2 — 6 E (0, Yi/pg) and, second, by the ratio 
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A : ^ > qi 


B : ^ < qi 

pi — 


I. qa - <5 < 


qi<a<^, 0<P< SRI: a ^ q^, P ^ 


^, /3 = 


II. _ 5 e (^0, |f ] 


Ai : < qi < 

^ Pi 


A2 : ^^-P'^^^^--*^ < qi < 

Pi — "iJ^ pi 




— — pi 
SRI: a = qi, P = q2 — S 


(l):a^q„ P ^ 

(2) : ^-f/-^) <a<q„ 

P= ^'-r"", SR2: as in (1) 
(3) :a=^i-^'^M, 
/9 = ^2 -8 


(■\\ . ^ — Xi R — 

(2):a=--f^^ 
Q<^< Pite2-5)^ SR2: as in (1) 

(3) :« = 

P = q2 


III. ci,-S>^ 


(l):a = gi, /3 = 
(2) : < a < gi, /3 = ^^"r", SR2: as in (1) 
(3):a = o/^=| 


(l):a = |, P^O 
(2) : < a < |, 
/3= ^i-fi", SR2: as in (1) 


Shorthand notation used: (1) for pi < pj, (2) for pi = pj and 


(3) for pi > p'2 



Whenever the shorthand notation is not employed, the result should be taken to apply to each of the three cases. 



Table 3.1: Best-reply correspondence for consumer /. 





A : If > q2 


B : ^ < qa 

P2 — ^ 


I. qi - a < 


0<7<^^, g2<<^<^, SRI: 7 = 0,5 = ^2 


7 = 0, 


II. qi - a e (0, 


Ai : < q^ < ^-Pif 


A2 : ^-Pi^'i-") < q2 < 

P2 — ^ P2 




gi - « < 7 < 

■iZ — — p2 

SRI: 7 = gi — a, (5 = g2 


(1):7=^^, 5 = g2 

(2):^^<7<9i-«, 
(5= ''^"^'^^ SR2: as in (1) 
(3) : 7 = gi - a, 


(1):7 = 0, 

(2) : < 7 < gi - a, 

5= ""^-^'i^, SR2: as in (1) 
(3) : 7 = gi - a. 


III. qi - a > 1^ 


(2):^^<7< f, SR2: as in (1) 
(3):7 = |, 5 = 


(1):7 = 0, 5=g 

(2) : < 7 < |, 
y2-pW gj^2: as in (1) 

P2 ' ^ ' 

(3):7=|, 5 = 



Shorthand notation used: (1) for p'^ > p2, (2) for p'^ = p2 and (3) for p'^ < p2 
Whenever the shorthand notation is not employed, the result should be taken to apply to each of the three cases. 



Table 3.2: Best-reply correspondence for consumer //. 



between the size of local supply qi and the maximum purchasing power of local income, 
Yi/pi. 

With the aid of the best-reply correspondences we can compute the Nash equilibria for 
the game as solutions to a system of equations. However, uniqueness is not guaranteed in 
this model and we therefore have to resort to additional rules for equilibrium selection in 
order to choose a single equilibrium. To this end we define the following supplementary 
selection rules (SR), which we deem logical from a practical viewpoint: 

SRI (Expenditure minimization) For a set of Nash equilibria yielding the same utility 
we select the one minimizing the expenditures made. (The expenditures made by the 
first consumer are pia +P2/^ and those made by the second consumer are +^2^-) 

SR2 (Home bias) If more than one Nash equilibrium with the same utility can be ob- 
tained with the same (minimal) expenditure, then we select the one in which con- 
sumers receive the maximum amount possible in their own region in preference over 
the "foreign" consumer. (I.e. if for the first market we have pia + pg/^ = const for 
more than one point (a,/3), we choose the point with the largest value of a. We 
proceed analogously for the second market.) 

SR3 (Free disposal) In the degenerate case when a price is equal to zero, we assume 
that the actual amount bought is equal to the quantity available in the respective 
region. 

SR3 points to a modification in the best-reply correspondences required in the degen- 
erate case of a zero price. If = 0, i.e. p[ = p, Table [32] should be modified into a table 
identical to the former with p[ = p and p2 > 0. Table [3T] should be replaced by Table [3731 



Subcase 


(a,/3) 


Selection as per SR3 


q2 - 5 < 


qi<a 

o</3<4 


(gi,o) 


< q2 - 5 < ^ 


qi<a 

?2-5</3<g 


(gi,g2 - 5) 




qi<a 





Table 3.3: Modification of Table [3TT] for the degenerate case pi = 0. 



If p2 = 0, i.e. P2 = p, Table 13.11 should be replaced by an identical table with p'2 = 
p, pi = and Table 13.21 should be replaced by Table 13. 4[ 

In an analogous manner, by using SRI and SR2 we can dispose of the multiplicity of 
solutions and arrive at a unique Nash equilibrium (a, /3, 7, 6), as refiected in Tables [3TT] and 
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Subcase 




Selection as per SR3 


qi — q: < 


0<7<f 


(0,g2) 


< Qi - CK < ^ 
Pi 


Oi — < O' < ^ 
g2 < 5 




^ <qi-a 
f 1 


7 = ^ 

' Pi 

g2 < 5 





Table 3.4: Modification of Table 1X2] for the degenerate case p2 = 0. 



I3.2[ The latter can be obtained as a solution of the system 



(3.1) 



which we derive explicitly in section [4] and in the appendix. 



a(7,5) 


= a 


^(7,5) 


= P 


7(a,/?) 


= 7 




= s, 



4 Price dynamics in the discrete-time case 

By definition, a steady state {point of equilibrium, p.e.) for the prices pi is the value 
for which consumption (as given by the Nash equilibrium (a,/5,7,(5), NE for brevity) leads 
to a complete depletion of both the available quantities of the good and the financial 
resources 1^. In other words, for q^ and Yi exogenously given, we have a +7 = qi, P+6 = q2, 
Pia + P2P = ^1, p'i7 + = ^2- As a result prices are not adjusted for the next period 
but retain their current values. 

Naturally, if the initial values of prices are not a p.e., they are corrected prior to next 
period's consumption, as described above. The present section aims to characterize the 
evolution of prices for all possible values of Yi (for fixed q^, p > 0). For this purpose, it 
is convenient to present the results in Y1-Y2 space. In accordance with the different cases 
presented in Tables 13.11 and 13.21 we partition (by means of a set of lines and additional 
restrictions) the nonnegative quadrant of the plane into disjoint subsets of point ^ {Yi,Y2) 
for which a unique NE exists. Each NE corresponding to an element of this partition is 
presented as a closed-form expression involving the exogenous parameters. However, the 

^Formally, we should consider the set of all possible combinations of incomes for the two regions, 
which coincides with the nonnegative quadrant. A generic point in this set is denoted (Yi,l2), while the 
particular income pair under consideration is (Yi, ^2)- Therefore, the definitions of all the zones and lines 
below should be presented in terms of Yi and Y2. However, to simplify the notation we sometimes depart 
from this convention when no confusion can arise (e.g. when defining the various zones) and write the 
objects simply in terms of Yi and Y2. 
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partition itself (or, respectively, the set of lines), crucially depends on the values of Pi. 
After prices have been adjusted, the point {Yi,Y2) may turn out to be in another element 
of the partition and, possibly, require another round of adjustment etc. This evolution of 
the prices will be detailed below, where we list the p.e.s attained (after a finite or infinite 
number of steps) for each initial point. 

The two main cases A and B in the tables define the lines Yi = piQi. The lines divide 
the nonnegative quadrant into four zones (see Figure 14. ip . We label these zones in roman 
numerals: 

I) Yi < piqi, Y2 < P2q2 

II) Fi < PiQi, Y2 > P2q2 

III) Yi > PiQi, Y2 > P2q2 

IV) Yi > piqi, Y2 < P2q2 



P2q2 



P'212 PiQi ' ^ ' 

Figure 4.1: Income space partition obtained for a fixed parameter set. 

The situations obtained in II) and IV) are symmetric with the roles of the consumers 
simply being swapped. In order to reduce the number of cases explored, however, we shall 
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break this symmetry and make the assumption 
(4.1) P2q2 < Piqi 



The restrictions specified in the left-hand columns of Tables 13.11 and 13.21 for maximal 
values of the priority orders a and 6 define the lines 



(4.2) 



Yi Y2 

?i : gi = — + — , i.e. PiQi = Yi + (pi/pi)^2, 
Pi Pi 



(4.3) 



Yi Y2 ~ ~ 

?2 : g2 = — H , i.e. ^2^2 = (P2M)^i + ^2- 

P2 P2 



P2q2 




Pl^ll ^2^2 

Figure 4.2: The partition from Figure [4T] when P2?2 > PiQi- 
In view of (14.11) there are three possible cases: 
(4.4i) P2<l2 < PiQi (see Figure [O), 



(4.4ii) 



^2^2 = PiQi (the thick line in Figure USD, 



(4.4iii) 



P2'?2 > PiQi (see Figure [42il ■ 



The restrictions defining the cases Ai and A2 in the two tables (again for maximal 
values of the variables a and 6) can be represented geometrically by the lines 



(4.5) 



Y,-p',(q2-f^j p P2^ 

, I.e. —{piqi +P2?2) = —Yi + Y2, 

Pi ¥2 ¥2 
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(4.6) h:q2 = ^ ^, i.e. ^{p[q, +^2^2) =Y, + ^Y^ 

P2 Pi Pi 

It is obvious that ii and ^4 are parallel, as are £2 and £3. The point E{piqi,p2q2) lies 
on £3 and £4. The role of these two lines is different in zones II and IV, as will be described 
in more detail later (in zone II it is only line £4 that matters and line matters only in 
zone IV). 

Remark 4.1. To facilitate the verification of the statements for the different cases, we 
start by advancing a comment on Apt := pi^t — P2,t, denoted for brevity simply as Ap. 
Table 13.11 contains the cases 

1) Ap<p, 

(4.7) 2) Ap = p, 

3) Ap > p. 

In an analogous manner, Table 13.21 contains the cases defined by the conditions 

1) Ap > -p, 

(4.8) 2) Ap = -p, 

3) Ap < -p. 

By combining case i), i = 1,2,3, from (14. 7p and case j), j = 1,2,3, from fl4.8p . we 
obtain the following subcases 

(1.1) ApG(-p,p), 

(1.2) Ap=-p, 

(1.3) Ap<-p, 
(2,1) Ap = p, 
(3,1) Ap>p, 

while subcases (2,2), (2,3), (3,2) and (3,3) are rendered impossible by incompatible con- 
straints. ■ 

We proceed to describe the evolution of prices for given initial values (^1,05^2,0)5 for 
which financial resources {Yi,Y2) lie in zone III, i.e. 

Yi Y2 

(4.9) — > pi,o, — > P2,o- 

qi q2 

Let (a,/3, 7,5) be a NE for the chosen values of parameters Yi,qi,pi^o. 

1) Suppose first that q2 — S < 0. Using Table [3TTI case l-A (or 1-l-A for brevity), we find 
the possible range of values for (a,/?). Then, by SRI we determine a = qi, P = 0. Now 
Table [X2l case l-A {2-l-A for brevity) shows that S = q2 and, according to SRI, 7 = 0. 
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We note that for the given choice of the inequalities for the different cases in the tables, 
from a formal standpoint sometimes there arises the need to analyse other well. 
(Case 1-1-5 is an example in the present situations.) In fact, we could define the subcases 
in such a manner as to have only closed sets. Our choice, however, has the advantage of 
simplifying the exposition, while leading to the same results. 

Thus the NE is {qi, 0, 0, 52) and obviously the quantities supplied are depleted. If (14. 9p 
holds with equalities, the financial resources are also depleted and no adjustments in the 
prices are necessary as the point E turns out to be a p.e. with 

Pi,t = Pifi = — , Vt > 0. 



If for some i = 1, 2 we have 

— > Pi,0, 

then according to (12. 6p the corresponding price is adjusted upward to 

(4.10) = - 

and no further adjustments are required. In other words, after one step prices stabilize at 
the prices given by ( 14.101) : pi^t = Pi,i, Vt > 1. 

Next, we check for other NEs that may possibly be obtained in the case given by (|4.9I) . 

2) Suppose now that < q2 — S <Yi/p2. Then using 1-II-Ai we get gi — a < 0. Now 
2-1-^4 implies q2 ~ S < 0, which is a contradiction under our hypothesis. 

The formula in 1-11-^2 shows that gi — a > is possible only for 

(4.11) Pl,0>P2,0- 

Then 2-11-^1 implies q2 — S < 0, which is impossible, and for 2-II-y42 the only situation 
compatible with (14.111) is p[ q > p2,07 which however produces 6 = q2, a contradiction with 
the assumption < g2 — ^ < ^1/^2- It remains to check whether there is an equilibrium for 
which qi — a > Y2/p[. We see from 2-III-A that when p[ q > p2,o, then g2 — ^ < is implied 
again. The case p[ g < p2,o is incompatible with (14.111) . This completes the analysis of the 
case < q2 — S < Yi/p2. 

3) Let us now assume that 

— <q2-d. 
P2 

Then from l-III-A it follows that gi — a > only when pi^ > P201 since a = then. One 
can verify as above that the values from 2-II-y4i, 2-11- A2 and 2-111-^4 lead to a contradiction. 
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In this case the two economies operate in autarky and reach equihbrium without inter- 
acting with each other. This result is a natural consequence of the fact that consumers in 
both economies have local dominance (orders placed by the "local" consumer are executed 
first), as well as sufficient financial resources to absorb the entire local supply. 

This proves 

Proposition 4.2. For initial price values pi^ for which the financial resources (Yi,Y2) 
are in zone III, as defined in (14.91) . the unique NE is (gi,0,0,g2) and after at most one 
(upward) price adjustment the equilibrium point i?(pi^igi, p2,iQ'2) is reached. 

In what follows, we refer to the equilibrium described in Proposition l4.2l as equilibrium 
of type E. This is the type of equilibrium arising in the case of affluent economies that 
trade in conditions of ample financial resource availability. 

The analysis of the other cases is technically more complicated and we list only the 
final results here, relegating sketches of the proofs to the appendix. 

We also note that it is possible for more than one NE to arise depending on the rela- 
tionship between prices and transportation costs. 

Proposition 4.3. For initial prices pi^ for which (11,12) is in zone II, 



(4.12) 



Yi < Pi,ogi, P2,oq2 < Y2, 



which is divided into the following subzones: 



i) Zone II- 1: 



(4.13) 




ii) Zone II-2: 



(4.14) 




Hi) Zone II- 3. 



(4.15) 




(on or above £4) 



we have respectively: 
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a) in zone II-3 there exists a unique NE (— , 0, qi — — , ^2)? for which either (Yi, Y2) G £4,0; 
which is a p.e., or (1^1,12) is strictly above £4^0 and we obtain {Yi,Y2) G £4^1 after one 
upward adjustment in p2,o- (We refer to the p.e.s of this type as £4- equilibria.) 

b) in zone II-2 there exist two types of NE: 

/; for Ap < -p: NE (^^, 0, gi - ^, '-^^ j , 

//; for Ap > -p: NE 0, ^2) ■ 

For the two types of NE the following price adjustment patterns obtain: 

- in case I): 1) when (Yi, Y2) is strictly above £1^, after one downward adjustment step 
in p2fi we reach an £4- equilibrium; 

2) when (Fi, Y2) lies on £1^, the price p2,o is reduced to p2,i = and we reach a degen- 
erate ii-equilibrium. 

- in case II): 1) when Y2 = P2,oQ2, after one downward adjustment in pi^ we reach a 
p.e. of type E; 

2) when Y2 > P2,o?2, let 



2qi 



^ [pqi - Yi - F2 + P2,oq2f + 4gipFi - (pgi - Yi - F2 + ^2,0^2) 



and then, depending on whether 

2.1) p2,o - p<k< pifl 
or 

2.2) k < p2,o - p < Pi,o 
we have, respectively, in: 

2.1) an infimte downward adjustment process inpi^t for which liiiii^ooPi.t = k. (In this 
case the system of two economies tends to a degenerate £4- equilibrium, where the limit 
line is defined with the aid of the number k as £4^^ : Yi + rf-Y2 = kqi + ■^-P2fll2-) 



2.2) after s downward adjustments ofpi^tj t = 0, . . . , s, we reach the situation described 
in case I). (Here the number s G N is determined by the condition 



where g{x) 
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P2,o - P G [/(pi,o),/ ^(Pi,o)] , 
Y, + {Y2-p2,oq2)^] .) 



c) in zone II I there are two types of NE: 
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I) forAp<-p: Ne[^^A^^.0), 

II) forAp>-p: Ne(^^^,0,^^ 



) 



For the two types of NE the following price adjustment patterns obtain: 

- in case I) we have an infinite downward adjustment process in pi^t, under which it 
tends monotonically to 



while p2,t = 0, Vt > 1. (In this case the system of two economies tends to a degenerate ii- 
equilibrium, where the limit line is defined with the aid of the number pi^oo - see f lA.2.131) . ) 

- in case II): see case II) in b). 

Proposition 14.31 deals with the interaction of an affluent economy with abundant finan- 
cial resources (region II) and a relatively poor one (region /). In our setup "affluence" is 
defined in terms of the financial ability of consumers to absorb the local (and, potentially, 
foreign) supply and is unrelated to the production side of the economy. This allows for 
a rich variety of situations in zone II. For instance, with very high financial resources in 
region II, cheap output in region I and transportation costs that are not prohibitively 
high, local consumers in region / buy all they can afford, so that consumers from region 
// can absorb the residual supply in region /, as well as the entire supply in their own 
region, and still have income unspent. This naturally leads to a price increase in the rich 
region, while prices in the poorer region are unaffected by virtue of the pricing mechanism 
(see zone II-3 and case a) above). As another example, if there is very abundant and 
cheap supply in region / (accounting for transportation costs in the case of region //), 
the financial resources of the two economies are entirely spent there and yet there remain 
unrealized quantities, which keeps driving down the price in region / (zone II-l, case c)-I)). 
At the same time, the market in region // becomes redundant and stops functioning, with 
a zero price obtaining there and the entire amount of the good available being consumed 
by the local consumer for free (off the market). 

Proposition 4.4. For initial prices pifl for which (Fi, Y2) is in zone I, 




(4.16) 



< Yi < pi,ogi, < F2 < P2,og2, 



which is divided into the following subzones: 



i) Zone I-l: 



(4.17) 




< Yi < pi,ogi, < F2 < P2,og2, 
gi<^ + ^ (above or on £ifi) 
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a) Zone 1-2: 



< Fi < Pl,ogi, < F2 < ^2,0^2 



(4.18) <J ^ + ^ < ^1 (stnctly below £1,0) 

q2<^ + ^ {on or above £2,0), 



in) Zone 1-3: 

. . ^ J < Fi < pi,ogi, < Fa < P2,og2, 

^^■^^^ ^ ^2>^ + ^ {stuctly below £2,0), 



we have respectively: 
a) in zone I-l there exist three types of NE: 

I)forApe[-p,p]: Ne[^^,0,0,^), 



II)forAp<-p: 1-^,0, gi-^ 



y2-p[n[qi 



P1,0 



P2,0 



III) for Ap > p: NE ( ^''°v' ^■'■^ J ^ q, ^ ) . 



For the three types of NE the following price adjustment patterns obtain: 

- in case I): after one downward price adjustment we reach a type E equilibrium; 

- in case II): 1) when {Yi,Y2) is strictly above £1, after one downward adjustment in 
P2,o we reach an £4^- equilibrium; 

2) when (Yi,Y2) lies on £1, we reach a degenerate £1- equilibrium (p2^t = 0, Vt > 1); 

- in case III): after one downward adjustment inpi^, we reach an £^- equilibrium (see 
Proposition \4.^ ; 

b) in zone 1-2 there exist three types of NE with the corresponding adjustment patterns: 

I) for Ap G [— p, p]; see I) in zone I-l, 

II) for Ap < —p: see I) in zone II-l, 

III) for Ap > p: see III) in zone I-l. 

c) in zone 1-3 there exist three types of NE with the corresponding adjustment patterns: 
I) for Ap G [— p, p]; see I) in zone I-l, 
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II) for Ap < —p: see II) in zone 1-2, 

P2,0 P2,( 

ment process for p2fi, we reach a degenerate £2 -equilibrium 



III) for Ap > p: NE ( 0, 0, ^ ), in which case after an infinite downward adjust- 



Proposition 14.41 analyzes the interaction of two regions that are relatively poor in terms 
of initial wealth. Naturally, the low purchasing power of the consumers in the two regions 
results in deflationary developments, while the exact distribution of consumption across 
regions also depends on the size of transportation costs. 

Proposition 4.5. For initial prices pi^ for which {Yi, Y2) is in zone IV, 
(4.20) Pi,ogi < Fi, < F2 < P2,og2, 

which is divided into the following subzones: 
i) Zone IV- 1: 

fPi,oqi <yi, < F2 < P2,oq2, 



qi < — {above or on £3,0) 



a) Zone IV-2: 

Pl,Oqi <yi, < F2 < ^2,0^2, 

^1 ^ pTo {strictly below £3,0) 



we have respectively: 

a) in zone IV-1 there exists a unique NE (^qi,q2 — ^'0'^)' which is symmetric (as 
regards a change of roles of the two economies) to the NE from zone II-3 (see Proposition 
\4.3[ a)). The p.e. obtained in this case will be referred to as an £3- equilibrium. 

b) in zone IV-2 there exist two types of NE: 
I)forAp<p: NE{q„^^Ai^^, 

II for Ap > p: NE ^ - ^, 0, ^ , 

which are symmetric (in the above sense) to cases II) and I) for zone II-2 (see Proposition 
B h)). 
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The results obtained for zone IV are symmetric to those for zone II as regards a change 
of roles of the two economies. In this case, region I is the "rich" region and has the potential 
to absorb a part of the supply in region JJ, while in the "poorer" region II consumption 
is satisfied out of local supply only. 



Proposition 4.6. For initial prices pi^ for which {Yi,Y2) is in zone I, defined by f l4.16p 
under the condition (I4.4iiip (see Figure CTT^j . which is divided into the following subzones: 



i) zone 1-1: 



(4.23) 



< Fi < Pi,ogi, < Fa < ^2,0^2, 
strictly below 

strictly below ^2,0) 



Pl.O Pin ^ 



P2,0 



P2,0 



ii) zone 1-2: 



(4.24) 



< Fi < Pi,ogi, < F2 < ^2,0^2, 

^ + ^ > gi {on or above ^1,0), 
^ + ^ < ^2 {strictly below £2,0) 



Hi) zone 1-3: 



(4.25) 



< Fi < piflqi, < F2 < p2,og2, 
^ + ^ < gi {strictly below £1,0) 

^ + ^>g2 {on or above £2,0) 



iv) zone 1-4 : 



(4.26) 



< Fi < pi,ogi, < F2 < p2,og2, 
^ + ^>gi {on or above £ifi), 

^ + ^>q2 {on or above £2,0) 



we have respectively: 

a) in zone 1-4 the initial NEs and the respective price adjustment processes coincide with 
those from zone I-l (basic case). 

b) in zone 1-3 the initial NEs and the respective price adjustment processes coincide re- 
spectively: 

- for Ap > —p - with those from zone I-l (basic case); 

- for Ap < — p - with those from zone 1-2 (basic case). 
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c) in zone 1-2 the initial NEs and the respective price adjustment processes coincide re- 
spectively: 

- for Ap < p - with those from zone 1-4; 

- for Ap > p - with those from zone 1-3 (basic case). 

d) in zone 1-1 the initial NEs and the respective price adjustment processes coincide with 
those from zone 1-3 (basic case). 



Proposition 14.61 revisits the analysis of the interaction of two relatively poor regions 
in the special case when the consumer in region I needs more financial resources in order 
to buy the entire supply in region II than the resources needed to entirely absorb local 
supply (condition (14.4iiil) ). Unsurprisingly, the results obtained replicate the set of results 
from the basic case for zone I (Proposition 14.41) . The differences that arise are a natural 
consequence of the different partitioning of zone 1 into subzones due to the fact that the 
line £2 now intersects the line £1 at the point G (see Figure IATgI ). 

We conclude section [4] by formulating Theorem 14.71 which summarizes the results from 
Propositions 14. 2114. 61 Since we have already stated the final results for the price dynamics 
entailed by the model in discrete time, strictly accounting for the various combinations 
of parameters possible, we now state the theorem in a way that emphasizes the economic 
interpretation of the results. For this purpose we introduce appropriate terms that help 
illustrate the claims {i = 1,2): 

• RLSi '-=(11 — real local supply in the market in region i; 

• NLSi := piQi — nominal local supply in region i (valued at local prices); 

• NFRi :=Yi — nominal financial resources in region i] 

• TRFRi '■= + y- ^ total real financial resources, valued at region J's prices; 

• TRFR2 + ^ ^ total real financial resources, valued at region IPs prices; 

• Ti := + Qi ^ total real supply in region J; 



T2 '■= + (I2 ^ total real supply in region II. 



With the help of the above quantities we can provide equivalent formulations for the 
terms used in the different propositions: 



above j f < 

on RLSi I = } TRFRi, « = 1, 2, 

below I I > 
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above ^ f ^ 1 

on l4^T2<^ = \tRFR2, 

below J I > J 

above ^ f ^ 1 

on \£^^tA = \tRFRi. 

below J I > J 

Theorem 4.7, I) When: 

1) NFRi > NLSi, i = 1,2 or 

2) NFRi < NLSi, 1 = 1,2 and at the same time Ap G [—p,p], 

then with a one-time increase (case 1)) or decrease (case 2)) in prices we reach an equi- 
librium of type E (see zones I and III). 

II) When NFR for one of the economies is less than the respective NLS hut at the 
same time TRFR valued at the local price for this economy is not less than T, then we 
reach an £?j- equilibrium or £ 4^- equilibrium after a one-time increase of the price in the other 
economy (see zones IV-1 and II-3). 

Ill-a) When the second requirement in II) is violated (i.e. T > TRFR) but we have 
i) RLS < TRFR < T and 

a) the local price, adjusted for transportation costs, is strictly smaller than the price on 
the other market, 

then the same result as in case II) obtains through a decrease of the latter price. (See zone 
II- 3 for the £ 4- equilibrium, and zones IV-2 and I-l for the equilibria). 

Ill-b) When condition ii) in Ill-a) is replaced by the opposite condition, there are two 
situations: 

III-b-1) The difference between the price in the other region and the transportation costs 
does not exceed a critical threshold (the number k in Proposition \4.3\ for zone IT2); 

III-b-2) The above difference is strictly greater than the critical threshold. 

Then, in case III-b-1) the system of the two economies tends to a degenerate £4- 
equilibrium through an infinite adjustment process and in case III-b-2) after a finite number 
of steps a regular £ 4^- equilibrium is reached. 

IV) When in economy i we have RLSi = TRFRi, we reach a degenerate equilibrium 
in which the price in the other economy immediately falls to zero (see the degenerate ii- 
equilibrium in the case in Figure when (I4.4ip holds). 
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V) When for economy i we have TRFRi < qi and condition ii) from III- a) holds, then 
the two economies tend to a degenerate equilibrium through a gradual decrease of the price 
which does not automatically become zero (see zones II-l, 1-2 and 1-3 for the li- equilibria, 
and zone 1-3 for the £2- equilibrium). 

5 Price dynamics in the continuous-time case 

This section investigates the counterpart of the model in section [2] under continuous- 
time price dynamics. Similarly to the setup described above, we formulate a price adjust- 
ment rule on the basis of the residual income left unspent or the quantity of the good 
not consumed at each instant t. This takes the form of a system of ordinary differen- 
tial equations, whose properties are studied and compared to those of their discrete time 
counterpart fE-fra. 

The problem setup and notation employed are identical to the ones in section [21 The 
static games played and all their properties are the same as before, with the obvious 
difference that the games are indexed by a set with the cardinality of the continuum. To 
distinguish the continuous-time nature of the present setup, we write the two prices as 

P^it), 1 = 1,2. 

Thus, at time t consumer /'s strategy space 5*1 is determined by the budget constraint 
and the nonnegativity restrictions on the orders: 

(5.1) 5i = G Rl I ap,{t) + (3{p2{t) + p) < Y^}. 
Consumer IPs strategy space in period t is 

(5.2) ^2 = {(7, 6)eRl\ i{pi{t) +p)+ 5p2{t) < Y2}. 

As before, we adopt the shorthand p'lit) := pi(t) + p and p^if) '■= P2it) + p. We also omit 
the argument t whenever it is evident from the context or irrelevant. 

The payoff (or utility) functions for consumers / and // are denoted Ui{a, /?, 7, 6) and 
[72(0;, P, 7, 5), and are defined as in (12.31) and f l2.4p . Apart from the familiar notation 
and Yf'^'^, i = 1,2, we also define the part of the instantaneous income flow for consumer 
/ that has been spent as y™"^ := pi(t)ao + P2(t)/5o < Yi. The respective variable for 
consumer II is y^™"^ := p'i(^)7o + P2it)5o < Y2. 

We flrst establish that at any moment in time we can have exactly one of the two 
situations described in the previous paragraph (Lemma 15.21) . We then show that Y^^"^ — 
p^q- = Yi- r™"^ (Corollary E3]). 

Lemma 5.1. Let {ao, l3o,'yQ,6o) be a Nash equilibrium as above. Then 

(5.3) ao + 7o < qi and Po + So < q2. 
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Proof. We first observe that 

(5.4) ao < qi and Sq < q2. 

To see this, assume, for instance, that ao > Qi- The latter imphes f/i(Q;o, /5o, 7o, 5o) = 
Ui{qi, Po,jo,So). When pi > 0, this contradicts SRI. If pi = 0, the claim follows from 
SR3. 

Taking into account (15.41) . we obtain 

Ui{ao, Po, 7o, So) =ao + min(/?o, q2 - 5o) 
f^2(ao, Po, 7o, ^o) = min(7o, qi - ao) + 6o. 

Now the first part in f l5.3p becomes obvious, as the assumption 'jo > qi — ao contradicts 
SRI, applied to ?72- ^ 

Lemma 5.2. It is impossible to have simultaneously 

(5.5) qr' < q-. and > P^q^, t = 1,2. 



Proof. Fix, for instance, i = 1 and suppose the converse is true. Then 

ao + 7o = gr"' <qi gi - ao - 7o > 0. 

Keeping /3o,7o and ^o fixed, we increase ao to a := ao + e E (0, gi — ao — 7o). This 
implies that 

ao + e < gi - 7o Pi(ao + e) < Piqi - Pilo < Piqi < Yr', 

which establishes the feasibility of (a, /3o, 7o, ^o)- Then Ui{d, /?o, 7o; ^o) > Ui{ao, Po, lo, ^o), 
which contradicts the assumption that (ao, /So, 70, ^o) is a Nash equilibrium. ■ 

Corollary 5.3. For consumer I exactly one of the following alternatives is possible (with 
analogous results holding for consumer II): 

i) ao = qi and then Y{^^ — piqi = Yi — Yf""-^; 
a) ao < qi and then Yi = Yf"'^'^. 

Proof. Since i) is obvious, we take up the case ao < gi. By Lemma ISTTl we have 6o < g2 
and we analyse two cases: 
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I) If 60 = q2, then Pq = 0. By definition (ao,/5o) is the solution to 

max f/i(Q;, /5, 7o, 5o) s.t. 

a,l3 

Pia + p'^f3 < Fi 
a,(3> 

and since < qi, we can focus on finding maxQ,^^[a + min(/?, 0)] = maxQ,[a] subject 
to a < gi. Two subcases are possible: 

b) ^1 < 

For subcase a) it is evident that ao = ^ and, combined with Po = 0, this gives us 
ycons _ p-^Q,^ _|_ p'^p^ = Yi, as asscrtcd. For subcase b) there is no solution. 

II) If 60 < g2, then Lemma ISTTl implies Po < q2 — ^o- Again two subcases are possible: 

a) |f < g2 - So; 

b) g2 - 5o < g. 

In maximizing Ui{a, ^,^,6) over {{a, P)\a, P > 0, pia + p^P < ^i} we can restrict 
our attention to the intersection of this feasible set with the set defined by a < gi 
and P < q2 — 5o, as the extremum {ao, Po) satisfies these constraints as well. Then 
it is easily seen that either the maximum is attained at a point along the budget 
constraint and therefore Y{^°^^ = piao +p'2Po = Yi, or (depending on the magnitudes 
of qi and li/pi, and the slope of the budget constraint line) we get 00 = ^1, which 
violates the initial assumptions. ■ 

Remark 5.4. The claim in Corollary [53] can also be established through direct verification 
by using the specific form of the NEs (see section [3j). 



The price adjustment rule in discrete time is of the form (see (12. Sp and 02.61) ) 
(5.6) ^^^^ = Mt) X 1, 

i.e. A(t) is related to the change in the price for one time period. If we assume that 
in the continuous-time case A(t) does not change substantially over a short time interval 
[t, t + At], the counterpart of the discrete-time adjustment rule will be 

^ = Ait) At, Ap{t):=p{t + At)-p{t). 
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Taking the limit in the above as At ^ 0, we obtain the differential equation 

Pit) 



Pit) 



Ait). 



More precisely, the continuous-time counterpart of the adjustment rules defined in (I2.5p 
and (12.61) is given by the differential equation system 

^ „ „cons -y -ycons 

(5.7) ^ = - ^^ + ^ - , 2 = 1,2. 

Pi ?i Vi(li 

For brevity we will employ the shorthand Qi for the right-hand side of equation (15.71) . By 
virtue of the results established above at most one of the terms on the right-hand side 
of (j5.7p will be nonzero. To allow for the possibility of the prices taking zero values, we 
rewrite the above system as 

(5.8) Pi = QiPi, i = l,2. 

For the problem at hand it is more convenient to switch to a Pi-p2 coordinate system 
instead of the 1^-12 system used so far. 

We obtain the following results: 

a) The lines Yi = piQi are transformed into the lines Pi = —, i = 1,2, and we have the 
the conditions 

( < ] 

Pi 





b) The equation 

^1 : gi = — + — 

Pi Pi 

can be written in equivalent form as 

qipl + (gip -Yi- Y2)pi -Yip = o 

and, in view of the fact that pi is a price, we can take only the positive root 

= 

and write the last equation as 

Pi = P*v 

We also have 

above 
(1^1,^2) is { on 

below 
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c) Analogously, the line 

^2 : 92 = — H 

P2 P2 

is transformed into 

P2 = P*2, 

where 

^ Y1 + Y2- pq2 + v^(lTTTV^pg^FT4;^g^ 
= ^2 • 

Moreover, 

{above ^ f ^ 1 

on \i, ^ pj = \p;. 
below J I > J 

Note that 

(5.9) > — and > — . 

For instance, it is easily verified that the first inequality in (15.91) is equivalent to 



,/(Y[TY2^^^^^yTl^i >Y^-Y2 + pqi. 

It is evidently true when the right-hand side is non-positive. When the right-hand 
side is positive, we can square the inequality and check that it is equivalent to Y2 > 0. 

d) Solving the equation for £3 with respect topi (for fixed Fj, g^), we obtain the hyperbola 

Pi = — [Yi + Y2- pq2 - P2q2 + —Y2] =: /i3(P2)- 
qi \ P2 J 

We note that 

above ( < 

dl) (Fi,F2)is {on ^ pJ = }h3{p2) 

below J [ > 

below 

(Pi,P2) is {on } the graph of = /i3(p2)- 
above 

d2) The hyperbola pi = h2,{p2) crosses the p2 axis at the point (0,^2) and therefore has 
the form shown in Figure ISTTl 

e) In a similar manner, £4 is transformed into the hyperbola 

P2 = — \ Yi + Y2- pqi - piqi + —Yi] =: h^ipi). 
<12\ Pi J 
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Then, 




Moreover, the hyperbola p2 = h^^pi) crosses the pi axis at the point {pl,0) and 
therefore has the form shown in Figure [5^ 

Thus, we obtain Figure [573l which is the equivalent of Figure [4T] in Pi-p2 space. 

For convenience we list the form of the NEs as described in the discrete-time case (see 
Tables O and EJ). 

Now we can compute the right-hand sides piQi of equations f l5.8l) . which are shown in 
Table EB 

The results in Table 15731 allow us to find the direction of the phase fiows shown in Figures 
15.31 and 15. 4[ It is evident that the position of the lines P2 = Pi + P and P2 = Pi — P relative 
to the partition in Figure 15.31 plays a special role for the type of phase portrait obtained. 
For instance, when the point E lies in the set {{pi,P2)\ Pi — P < P2 < Pi + p}, we have a 
phase portrait of the type shown in Fig. 15.31 When E is above the set {(^1,^2)! Pi — P < 
P2 < Pi+ p}, the situation shown in Figure 15741 obtains. The reader can easily produce 
phase portraits of this kind for various assumptions about Fi, F2, 9i, 12 and p with the help 
of Table EH 
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Zone 



Price relation 



Nash equilibrium (cko, /3o, 7o? ^o) 



III 



(51,0,0,^2) 



II-3 



II-2 



Ap > -p 



Ap < -p 



>2-P2<?2 
P'l ' 



92 



Pi 



PI . 



P2 



II-l 



Ap > —p 



Ap < -p 



^ 



ypi 



y2-P292 



92 



^,0,^,0 
Pi ' ' Pi ' 



I-l 



Ap G {-p. />] 



Ap < — p 



l^p> p 



Pl P2 



Til " J ^ -L J 



91- 



pi 



VI ' P2 ' 



0, 



22 

P2 



1-2 



Ap G [-p, p] 



Ap < — p 



/^p> p 



0,0^ 



I2 

P2 



^1 



-,0,^,0 

ypi ' ' Pl ' ' 



Pl 



- — 



Y2. 
V2 ' 



0,^ 

' P2 



1-3 



Ap G [-p, p] 



Ap < — p 



Ap> p 



Y2 



-,0,0, 

Pl ' ' ' P2 



-,0,^,0 

Pl ' ' Pl ' 



Y2 



0,^,0,^ 

' P2 P2 



IV- 1 



Ik 

P2 



,0 



12 

P2 



IV-2 



Ap < p 



A/} > p 



^i-pigi 
P'2 ■ 



Y2. 

P2 



Yi-p'Jq2- 



Y2 



in 



0.^ 

I>2 



Table 5.1: Nash equilibria for the case P2g2 < Pili- 
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Zone 



Price relation 



Nash equilibrium (ckq, /3o, 7o? ^o) 



III 



(91,0,0,^2) 



II-3 



II-2 



Ap > —p 



Ap < -p 



pi ' ' 



>2-P2g2 

Pi 



Q2 



Pi ' ' Pi ' P2 



Pi , 



II-l 



Ap > —p 



Ap < -p 



, pi ' ' Pi ' 



^,0,^,0 
Pi ' ' Pi ' 



1-1 



Ap e [-p. p] 



Ap < -p 



Ap > p 



^.0.0.^ 

PL P2 



^.0,^.0 

Pi ' ' Pi ' 



0,4,0,^ 

' P2 ' ' P2 



Y2 



1-2 



Ap e [-p, p] 



Ap < -p 



Ap > p 



-,0,0,- 

Pl ' ' ' P2 



Y2 



pi 



,0,qi 



Pi ' 



P2 



0,^,0,^ 

' P2 ' ' P2 



1-3 



Ap e [-p, p] 



Ap < -p 



Ap > p 



Yi 



>2 



,0,0, 

Pl ' ' ' P2 



-,0,^,0 
V Pl ' ' Pl ' y 



Pl ' ^2 p2 ' 



0,^ 

' P2 



1-4 



Ap e [-p, p] 



Ap < -p 



Ap > p 



^,0,0,^ 

Pl ' ' ' P2 



n n _ n 



91- 



pi ' ' pi ' P2 



Pl ' P2 ' 



0, 



P2 



IV- 1 



P2 ' ' P2 



IV-2 



Ap < p 



Ap > p 



,51 



Y\-'p\q\ 
P'2 



,0,^ 

' ' P2 



n-pU92- 



pi 



22 

P2 ' 



0,^ 

' P2 



Table 5.2: Nash equilibria for the case P2g2 > PiQ'i- 
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Zone 


p-p relation 


piQi 


Sign 


P2Q2 


Sign 


III 




yi-piQi 


+ 


y2-P2g2 
q2 


J- 


II-3 









Y2-p2q2-p'i(qi-^) 
q2 


+ below /14 


TT 


Lip ^ — /9 


Yi 1 (Y2-p2q2}Pl 


- above /14 


n 

u 






Ap < —p 







y2-pi(,l-^) 

P2 


- above 0,4 


II- 1 


Ap > -p 


Vi , f Vo — 77o no 

91 + gip'i 


- above /14 









Ap < —p 




- for pi > pI 


-P2 




T 1 




>^i-pigi 

qi 




y2-P2q2 






Ap < — /9 


n 
u 




y2-P[{q.-^) 

q2 ^2 


- above /14 




Ap > p 


>i-pUg2-^) 
qi 


- above /13 







1-2 


Ad (E [—0. ol 


yi-piqi 




y2-P2g2 

92 






Ap < —p 


Ui + P'l 91 


- for pi > pI 


-P2 






Ap > p 


n-P^(.2-^) 

q, Pi 


- above /13 







1-3 


Ape [-p,p] 


yi-piqi 




y2-P2g2 

<?2 






Ap < -p 


VPi Pi ^ / 91 


- for pi > pI 


-P2 






Ap> p 






(y^^^_ \P2 
\P2 P2 92 


- for P2 > p*2 


IV- 1 




yi-Pigi-P2(g2-^) 

qi 


+ below /13 







IV-2 


Ap< p 







(yi-pigi)p2 1 ^2 „^ 


- above /13 




Ap > p 


«1 Pi 


- above /13 








Table 5.3: Right-hand side expressions and signs for equations (IS.Sp . 
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Figure 5.2: The hyperbola p2 = ^4(^1)- 



Table 15.31 shows that, depending on the transportation costs p and the coordinates 



Kjn^ gfj point E (or, equivalently, depending on the position of this point with respect 

to the set {(^1,^2) I Pi — P < P2 < Pi + p}), it is possible to have discontinuities in the 
right-hand side of (15.81) . For example, in zone IV-2 it is possible to have a discontinuity 
along the line p2 = Pi— p, provided that E lies below it, i.e. ^ < ^ ~P- these cases we 
obtain the situation in [U pp. 41-42], where the phase trajectory, after hitting the surface 
of the discontinuity, stays on itl^. 

The only equilibrium points for the system (15. 8p are those on the hyperbolae and /i4, 
including point E (see Figure ISTS]) . The direction of the phase flow as presented in the figure 
makes it clear that the fixed points we consider are Lyapunov stable but not asymptotically 
stable. Let us take, for example, a point (p?,P2) the graph of h^, assuming that E lies 
above the line P2 = Pi — P (i-e. Ap < p). In zone IV-1 the system takes the form 



Fix a neighborhood V of {p\,p^ and let (p?,P2) be a point in the intersection of V and 
zone IV-1 (see Figure ISTSl l. In other words, this point is below the hyperbola pi = h^{p2)- 
Then the scalar 




(5.10) 




C=-(y^ + Y2- pq2 + ^Y2~plq^ - p? = hM) ~ p\ > 




^For more details see [1, p. 64 and pp. 82-83] 
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P2= Pl + P 




Pi- P 



Pi Pi 
Figure 5.3: The partition from Figure l4A\ in j?i -po space. 



can be made arbitrarily small if we shrink V in an appropriate manner, since h^i-) is 
continuous and hy,{p2) ~ Pi = 0. 

The second equation in (15.10p implies p2 = P2 and therefore the first equation takes the 
form 

Pi = -Pi + C+p?, pi(0) =p?, 
the corresponding solution being 

piit) = -Ce-' + C + p\. 

For any t > the distance between (pi(t),p2(^)) and {j)\,p^ is bounded above by 
2C+ \pI -p\\ + -P2\- As t +00, the solution (pi(t),p2(t)) tends to + = 
{hz{j>2)iP2) 7^ (^3(^2)7^2) = (^1)^2)) except in the special case when p2 = P2- 

In zone IV-2 (i.e. above the hyperbola h^) and under the condition Ap < p we have 
the system 



(5.11) 



Pi =0 

P2 = ^(Fi + 1^2 - Piqi + pq2) + p'-^^-jr -p'2 = H{PuP2). 



Fix a point (p?,P2) the intersection of V and zone IV-2. In view of the first equation 
in (15. lip , pi = Pi- Let (p?,P2) be a point on the hyperbola h^, i.e. H{p1,p2) = (see 
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Figure 5.4: The partition from Figure [4?T] in pi-p2 space for a different position of the point 
E with respect to the lines p2 = Pi ± P- 

Figure ES]). Then the second equation in ( IS.lip becomes 

P2 = H{P',,P2)-H{p[,f2). 



We note that the derivative 



dp2 



pjpiqi - Yi 
(I2P2 ^ 



+ 1 



is strictly negative in a small neighborhood of (p?,P2)- Indeed, as (p?,P2) li^s on the graph 
of /t3, we have 



pI' 



P?gi+P2'92-l^l = ^V'2>0 
P2 



and, consequently. 



^ (Fi -rfgi) < Fi -Kgi < g2P^', i.e. ^H{p[,pl) < 0. 



9^2' 



The claim follows from the latter observation as -^H{pi,p2) is continuous. If we further 



contract the neighborhood V so as to ensure that -^H{pi,p2) < in it, the equation 



under consideration becomes 



1 

P2{t) = {P2{t) -f2)-j ^H{f,,pl + s{p2{t)-f^))ds. 
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P2 



Pi 




Figure 5.5: A neighborhood of the point {pi,P2) on for {pi,P2) in zone IV-1. 



P2 



Pi 




Figure 5.6: A neighborhood of the point (p?,P2 



'1)^2) oil ^3 (Pi)P2) ill zone IV-2. 



Then 





In words, for (p?,^^) ^ ^7 the expression \ip2if) — ^2)! (^^es not increase as t ^ +00 and 
stability is established since |(p2 "^2)! small. 

One obtains analogous results for the points on the graph of h^. (For determinacy, we 
shall consider the setup in Figure 15731 when E is below the line P2= Pi+ P, i-e. Ap > —p.) 

Also, it is easy to verify that for initial data (p?,P2) zones III or I-l, the phase 
trajectories for t +00 tend to E In zone III the differential equations system 

for the prices has the form 



Pi 



Y,, 



-Pi, z = 1,2 



p.(0)=pO 



and its solution is 



P^{t) 



p1 



t 
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which makes the claim obvious. 



For initial data in zone I-l (again in the setup from Figure 15731 i.e. for Ap G [— p, p]), the 
differential system for the prices coincides with that for zone III, which was just described. 

To conclude, asymptotic stability does not in general hold even for the point E, regard- 
less of the properties of initial data from the above described zones, for which the solutions 
of the system tend to E. This conclusion remains valid for other relations between the 
quantities Yi/pi and the transportation costs p (see Figure [5741) . These observations explain 
the effects under stochastic perturbations of the prices, obtained in section [6l 



6 Price dynamics with stochastic shocks 



The model studied here is deterministic and the agents are assumed to have complete 
information. Given that this model abstracts from many real- world complications, it would 
be worthwhile to study its behaviour with respect to perturbations in some of the exogenous 
variables. In this section we look at the case of adding shocks to the prices by means 
of incorporating a nuisance stochastic process in the differential system describing their 
evolution. 

Remark 6.1. Before proceeding to develop the setup for the main stochastic simulation, 
we note that, heuristically, it seems plausible to expect that the stability properties of 
the dynamical system from section [5] will, in some sense, be preserved in the presence of 
well-behaved stochastic disturbances. In other words, if the shocks disturbing the system 
are sufficiently "regular", one may expect the deterministic component to dominate in the 
stochastic dynamical system. This intuition can be illustrated graphically with the aid of 
computer simulations featuring a series of one-sided positive or negative stochastic shocks 
on the prices. A representative outcome of the simulations is shown in Figure 16. 1[ As the 
figure shows, the one-sided disturbances cause the equilibrium outcome to drift along the 
locus of fixed points of the (deterministic) differential system. Moreover, for appropriate 
one-sided disturbances and initial conditions, the equilibrium will drift toward the point E, 
which was shown in the previous section to enjoy somewhat stronger stability properties 
than the other fixed points of the system. ■ 



In the price equation (|5.6lj in discrete time we can incorporate external random fluctu- 
ations by including a noise variable AWt: 

^ = A(t)At + aAWtAt 
Pt 

Here a > is a coefficient characterizing the price variability, AWt are independent iden- 
tically distributed random variables that follow the standard Gaussian distribution. If we 
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Figure 6.1: Stability of the fixed points of the differential system under one-sided positive 
(left-hand graph) and negative (right-hand graph) stochastic shocks. 



rewrite the above equation as 

(6.1) Apt = A{t)ptAt + aptAWtAt, 

under some regularity conditions, at the limit At 0, the solution of the difference 
equation (16.11) converges strongly to the solution of the stochastic differential equation 
(SDE) 

(6.2) dp{t) = A{t)p{t)dt + ap{t)dWt, 

where dWt is the Ito stochastic differential (for more details, see |6l Theorem 9.6.2, p. 
324]). 

We choose a SDE of this type to govern the price dynamics in continuous time. Let us 
consider a 2-dimensional Wiener process W = {Wt,t G [0,T]) with components and 
which are independent scalar Wiener processes with respect to a common family of 
cr-algebras {At,t G [0,T]}. According to equation (I5.8P we construct the following system 

dp] = QiiplpMdt + (yip\dwl 

dpi = Q2{p].p1)p1dt + a2p1dW^ 

In a more compact form 

(6.3) dpt = a{pt)dt + h{j)t)dWu 
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where pt = {Pt,Pt)i (^{Pt) is a 2-dimensional vector function a = {Qi{-)pl, Q2{,-)piy '■ 



is a 2 X 2 matrix function h{t) : M^^^. Some regularity conditions on a{x), b{x), and 

the initial condition pt^ should be imposed for the existence and uniqueness of a strong 
solution of the SDE, meaning that the solution pt is a measurable functional of pt^ and 
the Wiener process Wu, u G [to, t] (see Theorem 4.5.3 p. 131 and Theorem 4.5.6, p. 
139 in [6]). The classical conditions given, for example, in [6] cannot be applied in our 
case because the function a{x) violates the Lipschitz condition. There is a result due to 
Zvonkin which guarantees existence and uniqueness of a strong solution while imposing 
weaker assumptions on a{x), see Theorem 6.13, p. 152 in [5]. According to it, a strong 
solution of the one-dimensional version of the SDE in (16.31) exists and is unique if a{x) is 
a bounded function and b{x) is Lipschitz and bounded away from zero. While we are not 
aware of a multi-dimensional extension of Zvonkin's theorem, we hypothesize that a similar 
result holds. Under this hypothesis, a strong solution of our SDE exists and is unique. 

We explore the sample paths of the solution in the phase space employing the Euler 
scheme to solve the stochastic differential system numerically. Figures [6^ and [6731 illustrate 
the behaviour of the stochastic differential system for different starting values of the prices. 
In a fashion similar to the deterministic case, the sample path approaches a stationary point 
depending on the initial condition. If a stationary point has been reached, the random 
shocks perturb the system away from it in a small neighborhood of the stationary point. 
The simulation studies illustrate that provided the scales cxi and a2 are small enough, the 
solution remains in a small neighborhood of a stationary point. 



Appendix 

Here we sketch the proofs of Propositions 14. 3114. 61 Although the proof of Proposition 
14.21 is contained in the main body of the paper, we will provide a sketch for it as well in 
order to illustrate the expository style adopted in this appendix. 

We remind the reader that we always start with initial prices Pi^. These define, through 
the lines £i, the zone in the income space partition that the point (^1,^2) belongs to. We 
also assume that (a,/3,7,5) is a NE. After determining the specific values of 7,5), 
we check to what extent financial resources have been used and perform the necessary 
price adjustments. This leads to shifts in the lines ii, thus redefining the partition and 
changing the position of (1^1,1^2) with respect to the newly obtained zones. Ultimately, we 
seek to find the respective p.e.s. Whenever the use of more precise notation is called for, 
we write £j t, t = 0, 1, 2, . . . The current coordinates in the equations of the respective lines 
are denoted by (Yi,F2)- 



and 
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p,-Pj space p,-Pj space 




Figure 6.2: Behaviour of the differential system under stochastic shocks for different initial 
prices and parameterizations of the problem (1) 

A.l Sketch of the proof of Proposition 14.21 for zone III 

1) q2-5 <0 = = 7 = 0,5 = gs- We obtain NE (qi,0,0,q2). 

2) < - 5 < Yi/p'^ — ^ or I-II-A2 

2-I-_A 

- for l-II-Ai: a = qi > 5 = ^2 (impossible in case 2)), 

- for l-II-yl2: gi — a > - only for Ap > p ^ " f^j. ^ _p. ^ = (impossible). 

3) Fi/p'2 <q2-5 ^^^^ gi - a > only for Ap > p ^ for Ap > -p: 2-ll-Ai {A2) 
and 2-III-74 — > q2 — S = 0, which is impossible. 

For the NE (gi,0,0,g2) obtained, the supply of goods is exhausted. If 1^ = Piflqi, i = 
1, 2, the financial resources are also exhausted, i.e. we are at a p.e. f = Pi^o, Vt > 0, i = 
1, 2. If for some i, i = 1,2, we have Yi > Pi^qi, the respective price pi^ is adjusted to the 
level pi^i, defined by the condition Yi = Pi^iqi. Thus, we reach a p.e. pi^t = Pi,i, Vt > 1. 
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p,-Pj space 




Figure 6.3: Behaviour of the differential system under stochastic shocks for different initial 
prices and parameterizations of the problem (2) 



A. 2 Sketch of the proof of Proposition 14.31 for zone II 
A. 2.1 Zone II-3 (see KT^ ) 

1) g2 - 5 < ^ a = YiM(< qi),f3 = — ^ la) or lb) 



la) < < F2M 



7 = gi-a, S = We get NE (Yi/pi, 0, qi - Yi/pi, qa) 



lb) < ?i — a, which is impossible, since for a = Yi/pi we obtain that (Fi, Y2) is 

below ii and so below ^4. 



2) < q2- d <YiP2 ^< y,_p^(g2_5) 

[Ap>p:a = g^), = g2 - (5 

or 2b) 

2a) < gi - a < FaM 

- for 2-11- Ai. 6 = q2, which is impossible in case 2). 

- for 2-II-A2: i) or ii) 

i) for Ap > —p (cases (1,1), (1,2), (2,1), (3,1)) — > 5 = ^2, which is impossible. 



2a) 
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ii) for Aj9 < — p (case (1,3)) — > 6 = ^ — which implies, in view of the first 

inequality in 2), that {Yi,Y2) is strictly below £4. 

2b) Y2/p'i < qi — a ^ i) or ii) 

i) for Ap > —p: 6 = q2 - impossible in 2) 

ii) for Ap < —p: case (1,3), which is impossible, since inequality 2b) for a = Yi/pi 
implies that (^1,^2) is below £1. 

n\ / / r i-iii-B ( Ap < p : a = Yi/pi, (3 = 0} „ . „, . 
3) YiM < q2-S > < . n I I (■ — ^ 3a) or 3b) 

3a) < gi — a < ^ impossible, see 2a) 

3b) Y2/P1 < qi — a - impossible, see 2b) 

For the unique NE, obtained in la), the quantities gi, q2 and Yi are exhausted. The 
condition that (Fi, Y2) is above £4, i.e. 

(A.2.1) p[ Ui - — ) + P2,0g2 < Y2 

leads to two cases. 

Case I. The condition (IA.2.11 ) holds with equality. Then p2,o also remains unchanged, 
i.e. the points on £4 in zone II are p.e.s. 

Case II. If there is a strict inequality in ( IA.2.11) . then 

y;^' = Y2- p'^o {qi - ^) > P2,og2. 

We increase p2,o to p2,i, for which p2,i'?2 = Y2^'^ . With the new prices pi^i = pi^o and p2,i, 
the point (Fi, Y2) falls on the line 

h,l ■ P2,l'?2 + P'l oil = ^2 + —Yi, 

Pl,0 

i.e. the p.e. is reached in one adjustment step. 

A. 2.2 Zone II-2 (see KWi ) 

1) 92 - 5 < ^ a = Yjpr{< qi),P = la) or lb) 
la) < gi - a < ^2/^ 
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- case 2-ll-Ai is impossible, since (^1,^2) is below £4 

- case 2-II-A2 — > i) or ii) 

i) for Ap > —p: 7 = ^2-P2g2 ^ S — q2, which leads for Ap > —p to 



^TT^/^l n Y2 -P2q2 \ 

NE — ,0, ,q2 

V Pi Pi / 



ii) for Ap < —p — > 5 < q2, which is impossible in 1). 
lb) qi — a > Y2/p'i, which is impossible for a = Yi/pi. 

2) 0<q2-S<Y,/p, ^1 Ap>p:a = ^^^lfHz^«gO,/? = ?2-<5 ^ ^ 

or 2b) 

2a) < gi - a < 

- case 2-II-Ai: 6 = q2, which is impossible in 2) 

- case 2-II-A2 — > i) or ii) 

i) for Ap > —p — > 5 — q2, which is impossible in 2) 

ii) for Ap < —p: only (1,3) — We have 

VPi Pi P2 / 

(In this case the condition 5 < g2 is obviously satisfied. A comment on the second condition, 
q2 — S < Y2/p[, is offered following case 3a).) 

2b) Y2/p[ < gi - a ^ i) or ii) 

i) for a = Yi/pi (i.e. for Ap < p): (Fi, Y2) is strictly below ii, which is impossible. 

ii) for Ap > p: only (3,1) ^ S — q2, which is impossible in 2). 

3) YM<q2-S^\ ^P^P-- yP'^^ ^7 ? j ^ 3a) or 3b) 

3a) < gi - a < — > i) or ii) 

i) for 2-II-Ai: 6 = q2 - impossible in 3) 

ii) for 2-II-A2 — > Ap>-p or Ap < -p 

- for Ap > —p: S — q2 - impossible 
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- for Ap < -p: only (1,3) — . 7 = - Yi/pi, S = ^^-KCgi-^i/pi) ^ ^^ich leads to the 
same NE as in case 2a)-(l,3). 

(It turns out that whether g2 — ^ is greater than or less than Yi/p'2 is irrelevant, since we 
obtain the same NE.) 

3b) Y2/p'i < qi — a ^ case Ap > — p or case Ap < —p 

- case Ap > — p: S = q2 - impossible 

- case Ap < — p: only (1,3) — > condition 3b) would imply that (¥1,12) is below £1, 
which is impossible. 

We now turn to the study of the price dynamics, starting from the NE obtained above. 
I) Analysis of the case NE (^,0,qi - ^ /^-Pi.o(qi-Yi/pi,o) j ^^^^ 2a) or 3a) 
for Ap < —p) 

The quantities Yi, qi and Y2 are depleted. Since (Y'i,F2) is strictly below £4, we have 
6 < q2, i.e. q2 is not used up completely. Additionally, 



(A.2.2) g^T = S = — 

P2,0 

since (Yi, Y2) is on or above ii. 



Pifi 



Case I,i): In (IA.2.21 ) we have g|°o"'' > 0, i.e. (^1,^2) is strictly above ii. Now p2,o 
decreases to p2,i, which is defined by 

P2,iq2 = P2fiq2T = ^2 - p'lfi (qi - — 

\ Pifi 

Since pi^i = pi 0, the point (Fi, Y2) turns out to be on the line £4^1, which is parallel to £4 0, 
whose points are all equilibria, i.e. we reach a p.e. in one adjustment step. 

The above case is graphically illustrated in Figure lA.li 

Case I,ii): In (IA.2.21) we have g^o""* = 0) which is possible for the points in £1^0 Pli^one II}, 
where qi — Yi/pi o = F2/p'io- Consequently, p2,o is reduced to p2,i = (while pi^i = pi^) 
and we reach a degenerate case. Writing for brevity (pi,0) instead of (pi, 1,^2,1), this case 
is described by Table [3T] for P2 = p,pi > 0, and Table \TM We now have the problem of 
finding NE (a,/3, 7,5) subject to the constraints 

(A.2.3) < Fi <pigi,0 < 1^2 

and the additional condition 

(A.2.4) XL + Xl = q^, 

Pi Pi 
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Figure A.l: Price adjustment in case I,i). 



We solve the problem through the already familiar approach: 

1) g2 - 5 < ^ a = Yjpr{< gi), /? = ^ la) or lb) 
la) < gi - a = FaM ^ 7 = gi - a, 6 = q2. 

This leads to NE (|^, 0, qi - q.) = 0, ^, q^) 

Since all resources are depleted, we reach a degenerate p.e., for which 

Pl,t = Pl,0, P2,t = 0, Wt> 1. 

Obviously only the first economy is fully functioning, while in the second economy local 
output becomes irrelevant as its market price is zero. 

lb) Y2/p'i < qi — a, which is impossible since (^1,^2) is above ii. 

In the degenerate case there are no other NE, since for all possible cases, namely 

2) 0<q2-6< Yjp 

or 

3) Yi/p <q2-5, 

after applying Table [T4l we obtain S = q2, which leads to a contradiction. 
This completes the analysis of case I). 

II) Analysis of the case NE 0, qa) (see la) for Ap > -p) 

The quantities Fi, Y2 and q2 are depleted and the condition that (^1,^2) is below £4 is 
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equivalent to 



Y 1 

LPi,o Pifl 



cons 
yi,0 ' 



i.e. qi is not depleted. At the same time, 



yi,o 



Yl . Y2 P2,0q2 . P2.0'?2 PQl + Plflqi - P2,0'?2 ^ 

> gi — = : > 



Pl,0 V'l.Q PU 



p'lfl 



P'hO 



according to (14. ip . Consequently, is reduced to 1, where 



(A.2.5) 



Pi,iqi = PimlT = yi + ^iX2- P2m2) 

Pl,Q 



The following subcases are possible: 



II, i) Y2 = P2flq2, i-e. (Yi,Y2) is a point on the segment FEq in Figure IATTI Now the 
NE under consideration takes the form (Yi/pi, 0, 0, ^2)- After the above adjustment of pi^, 
(Yi,Y2) turns out to be at Ei, i.e. we reach a p.e. for which 

Pi,t = Pl,l, P2,t = P2,o, Vt > 1. 

II, ii) Y2 > P2,oq2- First we find the location of (Yi, Y2) with respect to the new position 
of £4,0 (after the adjustment (IA.2.51 )) i.e. with respect to 

h,i ■ P2,oq2 + p'l iqi = —Yi + Y2. 

pi,i 



We compare p2,oq2 — ^2 and 



— K^x -p\,\q\) = — 
Pl.l 



Y,-Y,-^iY2-p2,oq2] 
Pifi 



{P2,0q2 - ^2 



Pl,lPl,0 
PlA P'lfi ' 



Since pi^i = pi^ — A, A > 0, it is easy to check that 

Pi^Pifi ^ ^ 
Pi,i Pi,o 

which, after multiplication by P2,o92 — ^2(< 0), yields 

P2,oq2 -Y2> — (Yi - pi,igi^ 



Consequently, (1^1,12) turns out to be below £4. 



1- 
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The results obtained are illustrated graphically in Figure IA.2[ Let £ denote a line 
through the point (^1,^2), which is parallel to £40, i.e. 

l : + ¥2 = const = — h I2 . 

Pho \ Pi,o J 

Obviously, the point M(pi^igi,p2,oQ'2) lies on i, as well as on £4^1. Also, since 

tanb'o = < = tanfc'i, 

Pl,0 Pl,l 

it follows that 

Oo < 0,. 

Thus, the line £4,1 must turn in the negative direction around the point M to coincide 
with £. Since (^1,^2) lies on i, it is located below £4,1. At the same time, as £1,1 is below 
£1,0, the point (Yi,F2) remains above ii^i. 




Figure A. 2: Price adjustment in case II, ii) 

Obviously, p^ ^ < p[ q and P2,oQ'2 < p'lfiQi, yet it is possible for p[ iqi to be greater or 
smaller than p2,oQ2 (see below). 

We shall study separately the cases 

II,ii-l) Ap = -p, i.e. p[ q = p2,o, 

II,ii-2) Ap > -p, i.e. p[ q > ^2,0- 

In case II,ii-l), after a downward adjustment of pi^ to pi^i (see ( IA.2.51 1) we obtain 
(in the new zone II-2 - see Figure IA.21 between £41 and £1,1) the case leading to NE for 
Ap < —p of the type in case I,i). Consequently, after an adjustment of p2,i = P2,o to a 
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smaller positive value p2,2, the point (^1,^2) lies on £4 2, whose points are equilibria. Note 
also that even if (^1,^2) ^ ^1,0, this point will be strictly above £1^1 and so a degenerate 
equilibrium cannot be obtained. 

In case II,ii-2) there are many possibilities, which we describe below. Suppose that, 
after the first adjustment of pi^ as per (IA.2.51 1 down to pi^i, we obtain the condition 
Ap < —p, i.e. p[ I < p2,i- (We have p2,i = P2,o, since only pi has been changed.) Then, 
when consumption in the next period is carried out (t = 2), the above described adjustment 
according to the NE of type I,i) obtains. 

To find out whether such points exist at all, we write the condition (which is the 
converse of the one mentioned above) 

(A.2.6) p[^, > p2,o 

in the equivalent form 

(A.2.7) Fi + ^1^2 > (P2.0 - P)qi + ^^P2m- 

Pi,o ^ Pi,o 



Consequently, the condition (1A.2.6P means that the point (Yi,Y2) is above the line 



£-Yi + —Y2 = {P2,0 - P)qi + —^2,0^2, 

which is parallel to £4 and ^10. Since the abscissa of the intersection point of £ with the Yi 
axis is smaller than the abscissa of the intersection point of £4 (in view of II,ii-2)), there 
exist points (^1,^2) in zone II-2 with the property ( IA.2.611 . Respectively, in the case when 
f lA.2.61) does not hold, the relevant points belong to the closed area in zone II-2 enclosed 
between £1^0 and I (when I is between £1^0 and ^4,0), or the segment of £1^0 = i belonging 
to zone II-2 (when the last two line coincide), and for then the adjustment process from 
II,ii-l) obtains. When lis strictly below £10, no such points exist. 

For all points strictly above I the conditions 

pi,o > P2,o and p\^^ > p2,o 

are simultaneously valid. 

Figure illustrates this case, with £ taken to lie between £10 and £4 for determinacy. 

In the new zone II-2, defined by £11 and £41, we again obtain a NE of type II. However, 
because of the rotation at an angle 9i — 9q in the negative direction (see above), it is not 
certain whether after the adjustment in pi 1 (in which a reduction to pi^2 occurs), we can 
have 

(A.2.8) Pi,2 >P2,2 (=P2,o), 
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P2,0g2 




PlMl 



Figure A. 3: Price adjustment in case II,ii-2) 



i.e. whether (^1,^2) would be above inew (see Figure IATsI) . 
To describe all possible cases, we introduce the function 



1 



Yi + (Y2 - ^2,092) 



X 



X + p 



(A.2.9) g{x) 
for which g{0) > 0, g'{x) > 0, linia-^oo fl'(a;) > 9(0) > (see Figure [A]!]). 



g{+oo 




Figure A. 4: The function g{x) 

With the aid of the function g{x), the condition that the point (Yi, I2) is below the line 
^4,0 becomes equivalent to 



(A.2.10) 
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This, in particular, implies that pio > k, where k is the only positive number defined by 
k = g{k). 



Respectively, the condition (IA.2.51) determining pi i can be written as 
(A.2.11) Pi,i=9{pi,o)- 

If (IA.2.811 were valid, in the next step we would set 

Pi,2 = 9{pi,i) = 9^{pi,o) 

and so on. 

There are two possible cases: 
II,ii-2a): ^2,0 - P< k{< Pi,o), 
II,ii-2b): k < ^2,0 - P (< Pi,o)- 
Case II,ii-2a). In this case 

Pi,i = gipifi) > g{.k) = k>p2- p. 

We reach a NE of the type II, ii) and set 

Pi,2 = g{pi,i) > k>p2- p 

etc. 

Pi,t+i = 9iPi,t), Vt > 0. 

Obviously the sequence {pi,t} is convergent and tends to k. The points S, T and M in 
Figure lATSl have abscissas respectively (p2,o — p)(lii kqi and pi.i^i, and the line through T 
and (Yi,y2) is the limit position of £4 after infinitely many adjustments of the first price. 

Case II,ii-2b). Let 

P2,0 - P e [/(pi,o), /"^(Pl,0)], 

where s is a natural number. In this case, after s adjustments of the first price, we reach 
an equilibrium for which the respective NE is of type I) and the price adjustment process 
evolves accordingly. 

Remark A. 2.1. It is possible, as a result of the price reduction in the first market, to 
reach for some t G N the situation 

i.e. zone II-l disappears. (As a matter of fact, this is the case of zone IV-2, with the 
roles of the two economies reversed.) We can directly see that if p'l^qi < ^2,092, in the 
"expanded" zone II-2 

f Fi < piQi, Y2 > P2q2 

\ {Yi, Y2) is stricly below £4 

one obtains the NEs of type I) and II) derived above. The only qualitative difference here 
is that no degenerate equilibria exist. ■ 
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A. 2.3 Zone II-l (see KWi ) 

We note that this zone is characterized by relatively low financial resources in both 
economies. We have Yi < Iq, where the point (Yo,p2q2) = h fll^z = ^2^2} and Y2 < p[qi. 
To find the NE one proceeds as follows. 

1) g2 - 5 < ^ a = Yi/pi{< qi),P = ^ la) or lb) 

la) < gi — a < i^2/p'i is impossible, since for a = Yi/pi the point {Yi^Y2) would be 
above £1. 

lb) Y2/P1 < gi — a ^ ™ i) or ii) 

i) for Ap > -p: 7 = la^iMa ^ = q ^hich leads to the NE f ^, 0, Xanm q A . 

ii) for < — p — > (5 = — ^ ^2 — <^ > 0, which is impossible in 1). 

Ap > p : a = — ^(< gi), l3 = q2 - 6 J 

or 2b) 

2a) < gi - a < FaM 

- for Ap < p: impossible (see la)) 

- for Ap > p: only (3,1) — > 2-II-y4i and 2-II-A2 {Ap > —p) — > S = q2 - impossible. 

2-III-A 

2b) qi — a > > case Ap > — p or case Ap < — p 

- for Ap > — p: 5 = g2 - impossible. 

- for Ap < -p: only in (1,3), 7 = Y2/p[, 5 = 0, which leads to the NE (^^, 0, . 
(See the comment after 3b) for a check of the condition g2 — < Fi/pg.) 

3) YM <q2~S^i ^P^P-- = l]'^'^-: ^i^' ? 1 — 3a) or 3b) 
^ '^^ ^ \ Ap>p: a = 0(<gi), /3 = F2M J 

3a) < gi - a < F2M 

- for Ap < p - impossible (see la)) 

- for Ap > p - impossible (see la)) 

2-III-A 

3b) gi — a > ^2^ ^ case Ap > — p or case Ap < — p 

- for Ap > — p: 5 = g2 - impossible 

- for Ap < — p: only in (1,3), 7 = Y2/p'i, 5 = 0, which leads to the same NE as in 2b). 
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(It follows that the check whether Yilv^ is less than or greater than q2 is unnecessary.) 
We now turn to the study of the price dynamics, starting from the NE obtained above. 

I) Analysis of the case NE (^,0, ^,o) for Ap < -p (see 2a) or 3b)) 

The financial resources Yi are depleted, gi is only consumed in part (since (Y'i,F2) is 
strictly below i\ and thus (f^J^'^ G (0,gi)) and qi is unchanged [(f^J^'^ = 0). Consequently, 
P2,i = and pi^i < pi^Q is determined by 

Pi,o 

It is immediately seen that the point (Yi,Y2) remains below the line 

Y2 

h,i ■ Pi,iqi = Yi+pi^i— 

PlA 



and (omitting the index t = 1) this point lies in the following set (degenerate zone II-l): 
(A.2.12) 



^1 _L >2 ^ „ 

< Fi < pigi, < Fa- 



Figure [A]5] provides a geometric illustration of the adjustment of the line £1 in the case 
when the price pi is reduced. 



Y,A 




K (pi,ogi,o) 1 

Figure A. 5: The adjustment of the line £1 when pi is reduced 
The line £, passing through the point (^1,^2), is parallel to £1,0 and has the equation 

£:Y, + ^-l^Y2 = Y, + P-^Y2=p,,g,. 

Pl,0 Pl,0 
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It intersects the line 



^1,1 : Y, + ^K, = Pi,igi 



at the point K{pi^iqi). Since (see Figure IATsI for the notation) 

tan^i = ^ < ^ = tan 02 ^ < ^2, 
Pifl Pi,i 

it is obvious that {Yi,Y2) is below 

Using Table O (for p'^ = p and > 0) and Table [331 we find the NE (^^, 0, 
for the set defined in ( IA.2.1211 . For this NE, Yi, Yi and qi are depleted, so the price 
V\ (= is reduced, as above, to pi,2 = /i(pi,i) = ^ 'i^i + ^flT^^s 

This adjustment process for the price is infinite and in the limit we reach 



t— »oo 



where pi oo is the positive solution of the equation k = h{k). In general, the prices tend to 
(although they never reach it) a degenerate "equilibrium" 

Pl,t Pl,oo, P2,t = 0, Vt > 0. 

In this situation, the limiting position of (Yi, Y2) is on the line 
(A.2.13) £1,00 : ^ + 4^ = gi- 

Pl,oo Pl,oo 

From this one can easily obtain the number 

= ^ + 1^2 - pqi + A/(>^i + >2-pgi)2 + 4pgiFi) . 



(A.2.14) 



Pi,' 



Returning to the situation shown in Figure IATsI we note that in the adjustment process 
for pi described above, the points (pi,tQ'i,0), which are counterparts to the point K, tend 
to the limit point (pi,ooQ'i, 0), while the lines £i_t converge to the limit position £i oo (with 
the latter line passing through (Yi,F2))- 

II) Analysis of the case NE (^^, 0, qa) for Ap > -p (see lb)) 

The analysis and results in this case coincide with those for case II) from b) from 
Proposition 14.31 (when the constraint coming from £1 is not binding). 
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A. 3 Sketch of the proof of Proposition 14.41 for zone I 



The financial resources are smaller than the supply in both economies, which technically 
means that we shall use parts B in Tables [3?T] and [3^ For the same reason, the relationship 
between initial prices and transportation costs plays an important role for the evolution of 
prices here. 



A. 3.1 Zone I-l (see IKTTh ) 

1) q2-5<0 ^ a = Yjpr{< qi),(3 = ^ la) or lb) 

la) < gi — a < Y2/p'i > q2 — S > q2 — Y2/P2 > 0, which is impossible in 1). 

lb) Y2/p[ < qi — a - impossible for a = Yi/pi, since it would imply that (^1,12) is 
strictly below ii. 

2) 0<q2-d < Y2 P2 > \ . ^ Yi-p'^{g2-S) I ^ . n . } — ^ 2a) 

y Ap> p : a = ^ — ^(< gi), (3 = q2 - 6 j 

or 2b) 

2a) < gi — a < ^2/^'^ ^ " i) or ii) 

i) for Ap > -p: 7 = 0,5 = 

ii) for < -p: 7 = gi - a, 5 = 
We obtain respectively: 

-in cases (1,1), (1,2) and (2,1), i.e. for Ap G [-p,p]: NE (|i,0,0,|f 
- in case (1,3), Ap < -p: NE (^|^,0,qi - ^^I^^i^ilM ^ 

-in case (3,1), Ap > p: NE (^^il^ifclM, _ 0, |f 

(The condition from 2) holds for 6 = ^2/^27 since (Yi,F2) is above £2- For a check of 
the condition when S is as in the NE for Ap < — p, see 3a). The condition qi < a — I2/K 
holds for a = Yi/pi, since (^1,1^2) is above ii. For a check of the condition when a is as 
in the NE for Ap > p, see 2b).) 

2b) 12/p'i < gi — a - impossible for a = Yi/pi, since (Yi, Y2) is above ii — >• we have 
only case (3,1): Ap > p, for which we find the same NE as in the respective case in 2a). 
Therefore, it is unnecessary to compare gi and a + 1^2/K- 
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' \ Ap > p : a = 0(< gi), /3 = YiM J ' ' 

3a) < gi - a < FaM 

- for Ap < p - impossible, since 5 = F2/P2 will violate the condition that (^1,^2) is 
above £2- 

- we have only (1,3) for Ap < — p, in which case we again arrive at the NE from 2a). 
(It follows that it is unnecessary to compare Yxlv^ — 5.) 

3b) gi - a > F2M 

- for Ap < p - impossible, since (Fi, Y2) is above i\ 

- for Aj9 > p: only in (3,1) > 5 = 1^2/^2, which is impossible (see 3a)). 

I) Analysis of the case NE (^>0,0, for Ap G [-p,p] (see 2a)) 

Since both quantities qi are not consumed completely (gfo"'^ = Yij'pi < qi), the prices 
are reduced once to 

Y^ 

Pi,l = —■ 

qi 

Then the point (^1,^2) coincides with Ei, the new position of the point Eq, which is a 
p.e. (In a sense, the situation here is the exact opposite of that in zone III, where the new 
point El is reached after one upward adjustment.) 

/ Y2-piofqi-— 

II) Analysis of the case NE ^,0,qi - "'""^ | for Ap < -p 

(see 2a)) 

Obviously Fi, Y2 and qi are depleted. Since (^1,^2) is strictly below £4 0, 



Y2-p\n{qi- — 

cons V Pi'O/ 

P2,0 

Consequently, p2,o is reduced to p2,i: 

(A.3.1) P2,iq2 = Y2- p[ q (qi - — ) . 

II-l): p2,i > 0, i.e. (Yi, Y2) is strictly above £10. Since pi^ is unchanged, i.e. pi^i = pi^, 
equation (IA.3.ip shows that (^1,^2) lies on £4^1. Moreover, 



Y2 - P2,iq2 = Y2- 



> 0, 
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i.e. {Yi, Y2) lies on the part of £41 in the new zone II-3, whose points are p.e.s 

II-2) p2,i = 0, i.e. (Yi, Y2) lies on ii^Q. Thus, we reach a degenerate case (pi > 0, p2 = 0), 
which was analyzed for zone II-2, case I-ii). It leads to a degenerate 1*1 -equilibrium: 
P2,t = 0, Vt > 1. 

III) Analysis of the case NE — —,q.2 - ^^0, ^ for Ap > p 

(see 2a)) 

The quantities Yi, Y2 and q2 are depleted, and ql°Q^ < gi, since (Yi, Y2) is strictly below 
the line £3. After a reduction of pi^o to where 

the point (Yi, Y2) lies on the new line £3, whose points in zone IV are p.e.s. 

A. 3.2 Zone 1-2 (see fliTSU ;) 

1) g2 - 5 < ^ a = Yi/pi{< qi),(3 = — ^ la) or lb) 

la) < gi — a < Y2/p[ - impossible, since for a = Yi/pi it contradicts the assumption 
that {Yi,Y2) is strictly below ii. 

lb) Y2/p[ < qi — a > case Ap > —p or case Ap < —p 

- case Ap > —p: 5 = F2/P2 < 52, which contradicts 1). 

- case Ap < —p: 6 = 0, which in 1) implies q2 < (impossible). 

2) < q2 - 6 < Y1/P2 > for Ap < p: a = Yi/pi(< gi),/3 = or, for Ap > p: 
a = = q2-6^ 2a) or 2b) 

2a) < qi — a < Y2/p[, which is impossible, since it would imply, for a < Yi/pi, that 
(Yi, Y2) is above ii. 

2b) Y2/p[ < gi - a ^ I - ^ ^ = ?; / r 1 — three alternatives: 

^ '^^ ^ \Ap<-p: ^ = Y2/p[, 6 = J 



- for Ap e [-p,p] (cases (1,1), (1,2) and (2,1)): NE (|^,0,0, 

- for Ap < -p (case (1,3)): NE (|i,0,|^,0~ 



X2 

P2 



for Ap>p(case (3,1)): NE ( ^^^^^^T^' - |f , 0, |f 
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3) ,,M <,.-S^{^^;:l: ^f!<^ ^ ° } - 3a) 0. 3b) 

3a) < gi — a < F2/p'i, which is impossible (see 2a)) 
3b) Y2/p'i < qi — a ^ ™ i) or ii) 

i) for Ap > — p: 5 = V2/P2, which is impossible, since 3) implies that (Fi, F2) is strictly 
below £2- 

ii) for < — p, we only have case (1,3): 7 = Y2lp'i,5 = 0, which leads to the NE 
arising in 2b). (Therefore, a comparison of q2 and Yi/p2 to check the feasibility of the NE 
is unnecessary.) 

I) Analysis of the case NE (^,0,0,^) for Ap G [-p,p] (see 2b)) 
This case coincides with case I) in the analysis of zone I-l. 

II) Analysis of the case NE (^^,0, ^,o) for Ap < -p (see 2b)) 

Here the financial resources are completely spent; ql°Q'^ = Fi/pio + F2/K0 < since 
(^1,^2) is strictly below £1,0, Q2°o^ = 0- Then, pi^o adjusts downward to where 

Pi,iqi = Yi + ^F2, 
Pi,o 

while p2fl is adjusted downwards to p2,i = 0. It is immediately verified that (Yi, Y2) remains 
strictly below the line 

: Pi,iqi = Yi + ^Y2. 

Pi,i 

Thus, we obtain a degenerate zone II-l. 

III) Analysis of the case NE "^'" ,(12 - ^.0. ^ for > P 

(see 2b)) 

See case III) from zone I-l. 



A. 3.3 Zone 1-3 (see dUED) 

1) g2 - 5 < ^ a = Yi/pi{< qi),p = ^ la) or lb) 

la) < gi — a < 1^2/K - impossible, since it contradicts the assumption that (^1,^2) 
is strictly below £2,0- 

2-III-B 

lb) Y2/p'i < qi — a > case Ap > —p or case Ap < — p 
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- case Ap > —p: 5 = Y2/P2 < 0.2^ which contradicts 1). 

- case Ap < —p: S = < q2, which is incompatible with 1). 

2) 0<,,-5<nM ^ I ^p^p. — 2a) or 

2b) 

2a) < qi — a < 12/p'i, which is impossible, since for a < Yi/pi it would imply that 
{Yi, Y2) is above £1. 

2-III--B 

2b) < qi — a ^ 6 = Y2/P2 or 0, and by the second inequality in 2) it would 

imply that (1^1,12) is above £2, which is impossible. 

3) n/P2 < 92 > \Ap>p: a = 0{< gi), = Y,/p', j ^ °' 
3a) < gi — a < F2/K5 which is impossible (see 2a)) 

3b) Y2/p[ <qi-a j) or ii) 

i) for Ap > ~p: 7 = 0, 5 = 

ii) for Ap < —p: 7 = Y2/P2, 5 = 0. 
From this we find: 

-for ApG [-p,p] (cases (1,1), (1,2) and (1,3)): NE 0, 0, |f ) ; 
-forAp<-p (case (1,3)): NE 0, |f , o) ; 

- for Ap > p (case (3,1)): NE (^0, |f , 0, |f ) . 

I) Analysis of the case NE (^^, 0, 0, ^) for Ap G [-p, p] 
See case I) in the analysis of zone I-l. 

II) Analysis of the case NE (^^,0, ^,o) for Ap < -p 
See case II) in the analysis of zone 1-2. 

III) Analysis of the case NE (o, 0, ^) for Ap > p 

This case is symmetric (with respect to a change of roles of the two economies) with 
case II). The financial resources Yi, Y2 are entirely spent, (/|°(]^^ = ^1/^2 + ^2/^2 < ?2 (since 
(Yi,l2) is strictly below £2), and qi is not consumed at all. Consequently, p2,o is reduced 
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to P2X- 

P2,0 

and pi 1 = 0. We thus reach a degenerate case pi = 0, p2 > 0: 

< Fi, <Y2< P2q2, 

Y2 + fVi < q2. 

P2 



In the standard way, using Tables 13731 and [3T2] (for p'^ = p, p2 > 0), we find the next NE 
,4,0,^V A 
{p2,t}, for which 



qi, 0, ^ j . After that one obtains an infinite price adjustment process for the price p2, 



P2,t+iq2 = ^^Yi + Y2, 

P2,t 

i.e. the system of two economies tends to a degenerate ^2-equilibrium. 



A. 4 Sketch of the proof of Proposition 14.51 for zone IV 
A.4.1 Zone IV-1 (see ^M)) 

1) 5'2 — < > a = qi > 6 = Y2/P2 < q2, which is incompatible with 1). 

2) 0<q2-6< FiM 

- for 1-II-Ai: a = qi, (3 = q2 — S > 7 = 0, 5 = I2/P2, which leads to 

NE ^qi, q2 — 0, ^ j . (The inequalities in 2) hold. In particular, the second one holds 
since (Fi, Y2) is above £2-) 

- for I-II-A2: i) for Ap < p: a = qi, P= 

ii) for Ap > p: a = (3 = q2-6. 

Then: 

2-1- -B 

i) ^ 7 = 0,(5 = 12/^2- However, for this value of 6 the condition from 1-11-^2 

together with the condition that (^1,^2) is on or above £3 yield qi = ^^"PaC'^-'^a/pa) ^ j g 
^^"^'^^ = Q'2 — — , which shows that in this case we do not obtain a different NE from the 
one above. 

ii) — > ii-1), ii-2) or ii-3) 

ii-l) for qi < a > 7 = 0, 5 = 1^2/^2 and again the condition I-II-A2 and the 

assumption that (Fi, F2) is on or above £3 imply a = qi, so that the familiar NE obtains. 
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ii-2) for < gi — a < Y^lv^ ^ (only (3,1)) for Ap > — p: 7 = 0, 5 = Y2/P2, which 

is impossible in view of the first inequality in this case (a < gi) and the condition that 
(Yi, Y2) is above £3. 

2-III-S 

ii-3) for F2/J52 < qi — a > (only (3,1)) 5 = Y2/P2, which is impossible in this case 

(see ii-2)). 

3) Yi/p'2 <q2-S ^^^^^ i) or ii) 

i) for Aj9<p: a = qi,(3=^^^ 

ii) for > p: a = 0, /3 = ^ 
Respectively, we have: 

2-I--S 

i) ^ 7 = 0, 5 = Y2/P2, which is a contradiction, since 3) would imply that {Yi,Y2) 

is below £2 (impossible in zone IV-1). 

ii) ^ " ^ ^^'^ ^ ™ (only (3,1)) 7 = 0, 5 = Y2/P2 (impossible, as just shown in i)) 
Analysis of the case NE (qi, q2 - 0, ^) 

The analysis and the results are symmetric (with respect to a change of roles of the 
two economies) to those for zone II-3. 

A.4.2 Zone IV-2 (see Km ) 

1-1-^4. 2-I-S 

1) q2 — S < > a = qi, (3 = > 7 = 0, 5 = Y2/P2, which is incompatible with 

!)• 

2) 0<q2-6 < Yi/p'2 — > i) or ii) 

2-1-5 

i) l-II-y4i — > a = qi, l3 = q2 — S > 5 = Y2/P2, for which the condition from l-II-Ai 

does not hold, since (11,^2) is below £3. 

ii) I-II-A2 — > ii-1) or ii-2) 

ii-l) for Ap < p: a = qi, f3 = > 7 = 0, 5 = Y2/P2 and for Ap < p we get 

NE(qi,^^,0,|f). 

ii-2) for Ap > p: a = (3 = q2-6,so that: 

- If gi — a < > 6 = Y2/P2, which is impossible, since (Yi, Y2) is strictly below £3. 
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- If < gi — « < I2/K ^ for (3,1): 7 = 0, 5 = Y2/P2 and we obtain 

pi — ~ pf' ^' pf ) ■ ^'^^ same NE arises under the assumption Y2/p'i < 

qi — a (see 2-III-i? for Ap > —p), it is unnecessary to compare and qi — a.) 

3) Yi/p'2 <q2~S ^^^^ i) or ii) 

i) for Ap < p: a = qi, (3 = - impossible, since by 2-l-B we have 7 = 0, 5 = Y2/P2 

and 3) would imply that (^1,^2) is below £2- 



ii) for > p: a = 0, P = ^ — > gi - a > 0: 

2-II--S 

- if gi — a < > (only (3,1)) 7 = 0, 5 = F2/P2 and we obtain the same 

contradiction from 3). 

2-III--B 

- if Y2/p\ < qi — a > (only (3,1)) 7 = 0, 5 = F2/P2 and 3) leads to a contradiction. 

The analysis of the price adjustment in zone IV is analogous to the one in 
zone II-2, as the situations obtain are symmetric as regards a change of roles of the two 
economies. 



A. 5 Sketch of the proof of Proposition 14.61 for case ( I4.4iiil) and 
zone I (1) 

We first note that under the assumption made, in zone IV one obtains the situation in 
zone II that was discussed under the condition ( I4.4ip (and, respectively, with interchanged 
roles of the two economies). 

In this case zone 1 is divided into four subzones (see Figure lATGl l. (We draw the reader's 
attention to the fact that we use Arabic numerals to denote the zone in the present setup.) 

The case ^252 = Piqi is not qualitatively diff'erent from the case (I4.4ip . 

A. 5.1 Zone 1-4 (see (H^HD) 

1) g2 - 5 < ^ a = Yi/pi{< qi),(3 = la) or lb) 

la) < gi — « < Y2/p'i ^ " i) or ii) 

i) for Ap > p: S = Y2/P2 < q2 (incompatible with 1)) 

ii) for Ap < p: 6 = '^^ ^l^^^^ - impossible, since for a = Yi/pi 1) implies that (Vi, Y2) 
is above £4. 
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Figure A. 6: The income space partition featuring zone 1 



lb) 12/p'i < qi — a - impossible, since for a — l^/pi one would get that {Yi,Y2) is 
above £1. 

2)0<q2-6< Yxlv'2 i) or ii) 

i) for Ap < p: a = Yi/pi(< g^), /3 = 

ii) for Ap > p: a = ^^=^^{< q,),(3^ q^ - 5, 
so we have 2a) or 2b) 

2a.) < qi-a < I2M ^"""^> i) or ii) 

i) for Ap > -p: 7 = 0, 5 = I2/P2, 

ii) for Ap<-p: 7 = g,-a,5 = 2^z£^iz^, 
From this we find: 

-for ApG [-p,p] (cases (1,1), (1,2) and (2,1)): NE 0, 0, |f ) ; 
- for Ap > p (case (3,1)): NE (^^^^^F^' " 0' if ) " 
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- for Ap < -p (case (1,3)): NE [^^, 0, qi - ^^^4?"^) " 

(For the above NEs conditions 2) and 2a) obviously hold. We present more details on 
the feasibility of the NEs after the analysis of cases 2b) and 3).) 

2b) Y2/p'i < gi — a, which is impossible for a = Yi/pi, so that only case (3,1) for 
Ap > p is left. This case (by 2-III-S) leads to 7 = 0, 5 = Y2/P2 and we find the same NE 
as in 2a). (Thus, it is not necessary to check inequalities 2b) and the second inequality in 
2a).) 

3) Yi/p'2 <q2-S i) or ii) 

i) for Ap < p: a = Yi/pi{< qi),[3 = 

ii) for Ap > p: a = 0(< gi),/3 = ^1/^27 that we have 3a) or 3b) 

3a) < gi - a < which for Ap > -p (by 2-II-S) leads to 6 = so that 3) 

is impossible, while for Ap < — p (case (1,3)), we obtain the same result as in 2a). 

3b) Y2/p'i < qi — a, which is impossible for a = Yi/pi (as (Yi, Y2) is above £1), so only 
(3,1) is left and by 2-III-i? we find S = Y2/P2, for which 3) cannot hold, as (Yi, Y2) is above 

The price adjustment process for the NEs in question is the same as in zone I-l (basic 
case). The points on (£1 |J^2) n{zoii6l-4} lead to a degenerate equilibrium for which one 
of the prices becomes zero. 

As a special illustration for the point G we list the possible cases: 

a) for Ap < —p: the initial NE is ^^,0,gi — ^,oj and for prices pi > 0,p2 = we 
reach the equilibrium 0, gi — ^2 j 7 

b) for Ap > p: the initial NE is ^0,^2 — ^'0'^) prices pi = 0,p2 > we 
reach the equilibrium ^gi, ^2 — ^7 O7 ^) 7 

c) for Ap G [—p,p]: the initial NE is ^^,0,0,^j and, after a downward adjustment 
of both prices, we reach a regular equilibrium that coincides with the new position of the 
point Eq. 



A. 5.2 Zone 1-3 (see (1125])) 



l-I-B 



1) g2 - (5 < a = Yi/pi,(3 = — ^ la) or lb) 
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la) < gi — « < Y2/P1, which is impossible, since (Yi, I2) is below 



-1- 



2-III--S 

lb) Y2/p'i < qi — a > 6 < Y2/P2, which contradicts the assumption Y2 < P2<i2- 

2) Q < q2 — 5 ^Yi/p'2 > the same situation as in case 2) for zone 1-4. 

Here, however, the case 

2a) < gi — « < F2/K is impossible, as a < Yi/pi — > (Yi, Y2) is above ii, 
and in the case 

2b) F2M < gi - a by 2-III-S we find 
-for ApG [-p,p]: NE (|i,0,0,|); 

(Yi-p' (c?2- — ) \ 
P2 — 92 — ^5 0, ^ 1 , just as in the respective subcases from 

2a) in zone 1-4; 

- for Ap < —p: NE (^^,0, p-,oj, which is different from the equilibrium computed in 
2a) for zone 1-4. 

o\ 1^ / / r i-ni-B ( Ap < p : a = Yi/pi, /? = 1 „ . „, . 

3) nM<92-5 ^[ap>p: « = 0,|=F,M 1^^^)°^^^) 

3a) < gi — a < which is impossible, since it would imply either that (¥1,^2) 

is above ii, or that (Yi, Y2) is below £2, both of which are wrong here. 

3b) Y2/p'i < gi — a, for which, after eliminating the impossible cases, we reach the NE 
from 2b) for Ap < —p. 

The price adjustment process for Ap G [— p, +00) is the same as in zone 1-4 (i.e. as in 
the basic case for zone I-l). 

The price adjustment process for Ap < —p with initial NE 0, y-, is the same as 
in the counterpart case for zone 1-2 (basic case). 



A. 5.3 Zone 1-2 (see 

1) g2 - 5 < a = Yi/pi{< qi),/3 = 0. In this case neither 

la) < gi — a < Y2/P2, nor 

lb) F2/P2 < qi — are possible, since they contradict the inequality Y2 < P2q2 (by 1)) 
or the condition that (Fi, Y2) is above ii. 
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2) 0<g,-5<r,M ^1 Ap>p: « = llz^, /3 = - 5 ^ ^ ^a) or 2b) 

2a) < gi - a < F2M 

- for Ap > — p we obtain (by 2-II-i?) b = Y2/P2 which, together with 2), implies that 
(Fi, Y2) is above £2, which is impossible. Then we have only case (1,3), where for Ap < —p 

we find NE f ^, 0, qi - ^, ^^~p'^(^^~1^, 

\ pi ' ' pi ' P2 

2b) F2/p'i < gi — a - impossible, since for a = Yi/pi one obtains that (Yi, Y2) is above 
£1, and for (3,1) (by 2-III--B and the inequality 2)) one finds that (Yi, Y2) is above £2- 

3) ^iM < 92 - 5 ^ < A \o ^ ^ / / I- — ^ 3a) or 3b) 

Q ^ n / ^ V / ' 2-n-i? / Ap > -p : 7 = 0, 5 = FsM, 

[ < -p : 7 = gi - a, 5 = ^^^^ 

We obtain: 

-for Ape [-p,p] (cases (1,1), (1,2) and (2,1)): NE 0, 0, |f ) ; 

- for Ap < -p (case (1,3)): NE (^^, 0, Qi - ^^^4?"^) 5 



for Ap > p (case (3,1)): NE (o,|f,0, 



P2 



2-III-5 

3b) ^2/^'^ < gi — a > (3,1): we reach the NE from 3a) for Ap > p. 

The price adjustment process for Ap G ( — oo,p] is the same as in the re- 
spective cases from zones 1-4, while for Ap > p it is as in the corresponding 
case from zone 1-3 (basic case). 



A. 5.4 Zone 1-1 (see (1123])) 

In view of the definition of this zone, the analysis and the results obtained fully coincide 
with those for the basic case in zone 1-3. 
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